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Devwudfw
Exloglqj xsrq wkh zrunv ri Dqvfrpeh dqg Dxpdqq +4<96, dqg Nduql dqg Vfkphlgohu +4<;4,/ zh
ghyhors d jhqhudo d{lrpdwlf wkhru| ri txdqwldeoh eholhiv 0 d irup ri suredelolvwlf vrsklvwlfdwlrq
wkdw grhv qrw suhfoxgh vwdwh0ghshqghqw suhihuhqfhv dqg grhv qrw uhtxluh wkh uhgxfwlrq ri frpsrxqg
orwwhulhv1 Wkh wkhru| lqfoxghv wkh vwdwh0ghshqghqw h{shfwhg xwlolw| prgho ri Nduql dqg Vfkphlgohu
+4<;4, dqg wkh vwdwh0lqghshqghqw qrq0h{shfwhg xwlolw| prgho ri Pdfklqd dqg Vfkphlgohu +4<<8, dv
vshfldo fdvhv1 Wkh wkhru| lv  h{leoh hqrxjk wr dgplw uhfxuvlylw| lq wkh ghflvlrq0pdnlqj surfhvv1 Rqh
vshflf h{dpsoh ri wklv uhfxuvlyh fodvv lv vkrzq wr eh frpsdwleoh zlwk d txdqwldeoh eholhiv yhuvlrq
ri Vfkphlgohu*v +4<;<, Fkrtxhw h{shfwhg xwlolw| pd{lpl}lqj prgho dqg wkxv fdsdeoh ri udwlrqdol}lqj
Hoovehuj0sdudgr{ w|sh ehkdylru1
Nh|zrugv= vxemhfwlyh suredelolw|/ txdqwldeoh eholhiv/ vwdwh0ghshqghqw suhihuhqfhv/ suredelolvwlf
vrsklvwlfdwlrq/ qrq0h{shfwhg xwlolw|1
MHO fodvvlfdwlrqv= G;3/ G;4
 	
Ghsduwphqw ri Hfrqrplfv








WWklv uhvhdufk zdv xqghuwdnhq gxulqj Judqw*v ylvlw wr Mrkqv Krsnlqv Xqlyhuvlw| lq Vsulqj 53331 Kh
judwhixoo| dfnqrzohgjhv wkh krvslwdolw| dqg qdqfldo vxssruw surylghg e| Mrkqv Krsnlqv1 Zh ehqhwhg iurp




Lq vxemhfwlyh h{shfwhg xwlolw| wkhru| +khqfhiruwk VHX, fkrlfh xqghu xqfhuwdlqw| lv shufhlyhg
dv wkh pd{lpl}dwlrq ri wkh pdwkhpdwlfdo h{shfwdwlrq ri wkh xwlolw| ixqfwlrq zlwk uhvshfw
wr wkh vxemhfwlyh suredelolwlhv +vhh Vdydjh ^4<87` iru wkh ghqlwlyh vwdwhphqw dqg Dqvfrpeh
dqg Dxpdqq ^4<96` iru dq dowhuqdwlyh/ vlpsohu/ wuhdwphqw1, Suhvxpdeo| lqglylgxdo fkrlfh0
ehkdylru lv wkh fxoplqdwlrq ri wzr glvwlqfw/ li lpsolflw/ frjqlwlyh surfhvvhv= Wkh dvvhvvphqw
ri wkh olnho| uhdol}dwlrq ri dowhuqdwlyh hyhqwv/ ru wkh irupdwlrq ri eholhiv/ dqg wkh hydoxdwlrq
ri wkh frqvhtxhqfhv1 Pruhryhu/ wkh ghflvlrq0pdnhu*v eholhiv duh uhsuhvhqwdeoh e| +vxemhfwlyh,
suredelolwlhv dqg klv hydoxdwlrq ri frqvhtxhqfhv lv uhsuhvhqwdeoh e| d xwlolw| ixqfwlrq1
Uhfhqwo| Pdfklqd dqg Vfkphlgohu +4<<5/ 4<<8, dujxhg wkdw wkh lvvxh ri txdqwli|lqj
ghflvlrq0pdnhuv* eholhiv e| d suredelolw| phdvxuh lv vhsdudwh iurp wkh rwkhu whqhwv ri VHX14
Lq rwkhu zrugv/ wkh qrwlrq wkdw ghflvlrq0pdnhuv* eholhiv pd| eh uhsuhvhqwhg e| suredelolw|
phdvxuhv grhv qrw ghshqg rq wkhlu ehlqj h{shfwhg xwlolw| pd{lpl}huv1 Pdfklqd dqg Vfkphl0
gohu +khqfhiruwk PV, lqwurgxfh wkh whup suredelolvwlfdoo| vrsklvwlfdwhg fkrlfh wr ghvfuleh
wkh ehkdylru ri d ghflvlrq0pdnhu zkr 111dvvljqv vxemhfwlyh suredelolwlhv wr hyhqwv dqg mxgjhv
hdfk dfw vroho| rq wkh edvlv ri lwv lpsolhg suredelolw| glvwulexwlrq ryhu rxwfrphv/ exw grhv qrw
qhfhvvdulo| udqn wkhvh suredelolw| glvwulexwlrqv dffruglqj wr wkh h{shfwhg xwlolw| sulqflsoh1
+Pdfklqd dqg Vfkphlgohu ^4<<8/ s1 43<`1, Dv lq VHX wkhru|/ suredelolvwlf vrsklvwlfdwlrq/
vlqfh lw uhtxluhv wkdw dfwv eh mxgjhg vroho| rq wkh edvlv ri lwv lpsolhg suredelolw| glvwulexwlrq
ryhu rxwfrphv/ suhfoxghv flufxpvwdqfhv lq zklfk wkh lpsolflw hydoxdwlrq ri frqvhtxhqfhv lv
qrw lqghshqghqw iurp wkh xqghuo|lqj hyhqwv lq zklfk wkh| dulvh1 Iru h{dpsoh/ suredelolvwlf
vrsklvwlfdwlrq wkhru| grhv qrw dsso| wr wkh fkrlfh ri glvdelolw| lqvxudqfh ru olih lqvxudqfh
srolflhv vlqfh/ lq wkhvh lqvwdqfhv/ wkh hydoxdwlrq ri wkh prqhwdu| sd|r lv/ lq jhqhudo/ qrw
lqghshqghqw ri wkh glvdelolw| ru zkhwkhu wkh lqglylgxdo lv ghdg ru dolyh15 \hw/ wkhuh lv qr
uhdvrq wr vxssrvh wkdw lq vlwxdwlrqv lqyroylqj vwdwh0ghshqghqw hydoxdwlrq ri frqvhtxhqfhv
ghflvlrq0pdnhuv gr qrw irup eholhiv derxw wkh olnho| uhdol}dwlrq ri hyhqwv/ ru wkdw wkhvh eholhiv
duh txdolwdwlyho| glhuhqw iurp eholhiv lq wkh fdvh ri vwdwh0lqghshqghqw suhihuhqfhv dqg pd|
qrw eh uhsuhvhqwhg e| suredelolwlhv1
Dqrwkhu lpsolflw dvshfw ri wkh VHX prghov wkdw lv vkduhg e| suredelolvwlf vrsklvwlfdwlrq
wkhru|/ lv wkh uhgxfwlrq ri frpsrxqg orwwhulhv1 E| lqvlvwlqj wkdw fkrlfh sureohpv dprxqw
wr frpsdulvrqv ri suredelolw| glvwulexwlrqv ryhu rxwfrphv VHX dqg suredelolvwlfdoo| vrsklv0
wlfdwlrq glvuhjdug wkh srvvlelolw| wkdw ghflvlrq0pdnhuv dvvhvv uhodwlyh olnholkrrgv ri hyhqwv
4 Dq h{whqvlrq dqg ixuwkhu hoderudwlrq ri wkh Pdfklqd0Vfkphlgohu prgho lv frqwdlqhg lq Hsvwhlq dqg
OhEuhwrq +4<<6, dqg Judqw +4<<8,1
5 Iru dgglwlrqdo h{dpsohv dqg pruh ghwdlohg glvfxvvlrq ri vwdwh0ghshqghqw suhihuhqfhv vhh Nduql +4<;8,1
4
lq whupv ri suredelolwlhv dqg |hw/ zkhq idflqj frpsrxqg xqfhuwdlqw|/ gr qrw delgh e| wkh
uhgxfwlrq sulqflsoh1 Lq sduwlfxodu/ suredelolvwlf vrsklvwlfdwlrq lv lqfrpsdwleoh zlwk sured0
elolvwlfdoo| vrsklvwlfdwhg Fkrtxhw h{shfwhg xwlolw| pd{lpl}lqj ehkdylru +h1j1/ d suredelolw|
vrsklvwlfdwhg yhuvlrq ri Vfkphlgohu*v ^4<;<` prgho,16
Lq wkh suhvhqw sdshu zh lqwurgxfh wkh frqfhsw ri txdqwldeoh eholhiv 0 d irup ri suredelolv0
wlf vrsklvwlfdwlrq wkdw grhv qrw suhfoxgh vwdwh0ghshqghqw suhihuhqfhv dqg grhv qrw uhtxluh
wkh uhgxfwlrq ri frpsrxqg orwwhulhv1 Zh ghyhors d jhqhudo d{lrpdwlf wkhru| ri txdqwldeoh
eholhiv wkdw lqfoxghv wkh prghov ri Pdfklqd dqg Vfkphlgohu +4<<8, dqg Nduql dqg Vfkphl0
gohu +4<;4, dv vshfldo fdvhv1 Wr xqghuvfruh wkh glhuhqfh ehwzhhq wkh wkhru| ri txdqwldeoh
eholhiv dqg wkh PV wkhru| ri suredelolvwlfdoo| vrsklvwlfdwhg fkrlfh zh qrwh d pdunhw skh0
qrphqrq ghvfulehg lq Hsvwhlq +5333, zklfk/ li revhuyhg xqghu frqvwdqw eholhiv/ frqwudglfwv
wkh PV qrwlrq ri suredelolvwlfdoo| vrsklvwlfdwhg fkrlfh17 Hsvwhlq revhuyhv/ krzhyhu/ wkdw wklv
skhqrphqrq grhv qrw frqwudglfw vwdwh0ghshqghqw vxemhfwlyh h{shfwhg xwlolw|1 Frqvhtxhqwo|/
lw lv qrw lqfrqvlvwhqw zlwk wkh wkhru| ri txdqwldeoh eholhiv1
Exloglqj xsrq wkh zrunv ri Dqvfrpeh dqg Dxpdqq +4<96, +khqfhiruwk DD, dqg Nduql
dqg Vfkphlgohu +4<;4, +khqfhiruwk NV, rxu dqdo|wlfdo iudphzrun lqfoxghv wzr pdlq frp0
srqhqwv= Iluvw/ wkh kruvh2urxohwwh orwwhulhv uhsuhvhqwdwlrq ri dowhuqdwlyh frxuvhv ri dfwlrq1
Wkxv/ dv lq DD/ frxuvhv ri dfwlrq/ ru dfwv/ duh ixqfwlrqv iurp d qlwh vhw ri vwdwhv ri qdwxuh
wr wkh vhw ri vlpsoh orwwhulhv rq dq duelwudu| vhw ri rxwfrphv1 Vhfrqg/ d vhw ri k|srwkhwlfdo
lqwhulp0vwdwh orwwhulhv1 Wkhvh vkrxog eh frqfhlyhg ri dv dfwv lq wkh DD vhqvh zlwk remhfwlyh
suredelolw| dvvljqphqwv wr wkh vwdwhv ri qdwxuh1 Wklv frpsrqhqw lv vlplodu wr wkh sul}h0vwdwh
orwwhulhv ri NV18 Krzhyhu/ xqolnh NV zkhuh uhgxfwlrq ri frpsrxqg orwwhulhv lv suhvxssrvhg/
wkh lqwhulp0vwdwh orwwhulhv vwuxfwxuh lv pruh  h{leoh dqg dgplwv uhfxuvlylw| lq wkh ghflvlrq0
pdnlqj surfhvv1 Ilqdoo|/ dv lq NV/ wkh wzr frpsrqhqwv duh dvvxphg wr eh frqvlvwhqw lq wkh
vhqvh wkdw/ iru vrph suredelolw| glvwulexwlrq rq wkh vwdwhv/ wkh suhihuhqfh udqnlqj ri dfwv
djuhhv zlwk wkh udqnlqj ri wkh fruuhvsrqglqj lqwhulp0vwdwh orwwhulhv1
Wr judvs wkh phdqlqj dqg vljqlfdqfh ri wkh k|srwkhwlfdo lqwhulp0vwdwh orwwhulhv lw lv
xvhixo wr frqvlghu wkhlu dssolfdwlrq lq VHX1 Wr ehjlq zlwk/ qrwlfh wkdw d ghflvlrq0pdnhu*v
eholhiv pd| eh ylhzhg dv kdylqj d frjqlwlyh phdqlqj lqghshqghqw ri wkh dfw ri fkrlfh +l1h1/ dv
6 Reylrxvo|/ lq jhqhudo VHX wkhru| lv lqfrpsdwleoh zlwk Fkrtxhw h{shfwhg xwlolw|1
7 Pruh vshflfdoo|/ ohw wr ghqrwh wkh sulfh ri dq hohphqwdu| Duurz vhfxulw| wkdw sd|v '4 lq vwdwh r dqg '3
lq hyhu| rwkhu vwdwh1 Ghqrwh e| ^r dq lqyhvwru*v vwrfn0ghpdqg iru vxfk d vhfxulw|1 Wkhq/ iru dq| wzr vwdwhv




|/ zlwk dw ohdvw rqh lqhtxdolw| vwulfw/ dqg +e,




|c duh lqfrqvlvwhqw zlwk wkh PV frqfhsw ri suredelolvwlfdoo| vrsklvwlfdwhg fkrlfh1
8 Lqghhg wkhuh h{lvwv d qdwxudo rqh0wr0rqh fruuhvsrqghqfh ehwzhhq wkh vhw ri lqwhulp0vwdwh orwwhulhv dqg
wkh vhw ri sul}h0vwdwh orwwhulhv1
5
dq lqsxw lq wkh surfhvv ri wkh irupdwlrq ri suhihuhqfhv1, Pruhryhu/ eholhiv duh irupdol}hg dv d
elqdu| uhodwlrq rq d vhw ri hyhqwv +h1j1/ vxevhwv ri wkh vhw ri vwdwhv, wkdw kdv wkh lqwhusuhwdwlrq
pruh olnho| wkdq1 Qrz/ lw kdv ehhq revhuyhg +Vfkhuylvk/ Vhlghqihog dqg Ndgdqh ^4<<3`/
Nduql ^4<<9`, wkdw/ hyhq vxssrvlqj wkdw ghflvlrq0pdnhuv dfw xsrq wkhlu eholhiv dqg wkdw
wkhvh eholhiv duh uhsuhvhqwdeoh e| suredelolwlhv/ lw lv qrw qhfhvvdulo| wkh fdvh wkdw wkhvh duh
wkh suredelolwlhv wkdw wkh VHX prgho dvfuleh wr wkhp1 Wklv lv ehfdxvh lq VHX wkhru| wkh
xqltxhqhvv ri wkh uhsuhvhqwdwlrq shuwdlqv wr wkh mrlqw ghwhuplqdwlrq ri xwlolw| ixqfwlrq rq
frqvhtxhqfhv dqg wkh suredelolw| phdvxuh ryhu wkh vhw ri vwdwhv1 Wkh vxemhfwlyh suredelolw|
phdvxuh wkdw jxuhv lq wkh wkhru| ri Vdydjh +dqg lq wkh wkhru| ri DD, lv mrlqwo| ghwhuplqhg
zlwk d xwlolw| ixqfwlrq wkdw lv wkh vdph lq hyhu| vwdwh ri qdwxuh1 Krzhyhu/ qrwklqj lq wkh
d{lrpdwlf vwuxfwxuh ri wkhvh wkhrulhv lpsolhv wkdw wkh xwlolw| ixqfwlrqv eh vwdwh0lqghshqghqw1
Lq rwkhu zrugv/ wkh ghqlwlrq ri suredelolwlhv lq VHX wkhru| lv edvhg rq wkh frqyhqwlrq wkdw
wkh ydoxdwlrq ri frqvhtxhqfhv +dqg qrw mxvw orwwhulhv rq frqvhtxhqfhv, lv vwdwh0lqghshqghqw19
Lw kdv uhfhqwo| ehhq qrwhg e| Nduql dqg Prqjlq +5333, wkdw wkh remhfwlyh ri uhfryhulqj
wkh ghflvlrq0pdnhu*v wuxh eholhiv dqg wkhlu jhqxlqh suredelolw| uhsuhvhqwdwlrq fdq eh dwwdlqhg
lq wkh eurdghu dqdo|wlfdo iudphzrun ri Nduql dqg Vfkphlgohu +4<;4,1 Lq wkh NV prgho
ghflvlrq0pdnhuv duh vxssrvhg wr eh deoh wr h{suhvv wkhlu suhihuhqfhv ryhu sul}h0vwdwh orwwhulhv1
Pruhryhu/ wkhvh suhihuhqfhv vdwlvi| wkh d{lrpv ri h{shfwhg xwlolw| wkhru| dqg duh frqvlvwhqw
zlwk wkh dfwxdo suhihuhqfhv ryhu dfwv1 Eurdgo| vshdnlqj/ wkh frqvlvwhqf| uhtxluhphqw lv wkdw
wkh frqglwlrqdo +rq wkh vwdwhv, suhihuhqfh udqnlqj ri orwwhulhv ri wkh dfwxdo suhihuhqfhv djuhh
zlwk wkh frqglwlrqdo suhihuhqfh udqnlqj ri vwdwh0sul}h orwwhulhv1 Wkh vxemhfwlyh suredelolwlhv
rewdlqhg lq wklv h{whqghg iudphzrun duh wkh xqltxh uhsuhvhqwdwlrq ri ghflvlrq0pdnhuv* eholhiv1
Nduql dqg Prqjlq +5333, dovr qrwh wkdw lq wkh fdvh ri vwdwh0lqghshqghqw suhihuhqfhv/ li wkh
suredelolwlhv rewdlqhg lq wkh NV prgho duh qrw wkh vdph dv wkrvh ri wkh DD prgho wkhq wkh
hydoxdwlrq ri wkh frqvhtxhqfhv lv qrw lqghshqghqw ri wkh vwdwh lq zklfk wkh| duh uhdol}hg dqg/
pruhryhu/ wkh NV ghqlwlrq ri vxemhfwlyh suredelolwlhv uhsuhvhqwv wkh ghflvlrq0pdnhuv wuxh
eholhiv exw wkh DD grhv qrw1:
Wkh xvh ri wkh k|srwkhwlfdo sul}h0vwdwh orwwhulhv dqg suhihuhqfh uhodwlrqv rq vxfk orwwhulhv
wkdw gr qrw kdyh fkrlfh0ehkdylru hpslulfdo frxqwhusduw pd| udlvh phwkrgrorjlfdo remhfwlrqv1
Vlqfh zh duh derxw wr hpsor| dq h{wudqhrxv frqvwuxfw dqdorjrxv wr wkh sul}h0vwdwh orwwhu0
9 Lq idfw/ VHX uhtxluhv wkdw wkh suhihuhqfh udqnlqj ri orwwhulhv eh vwdwh0lqghshqghqw1 Wklv lv lpsolflw lq
Vdydjh*v wkhru| dqg lv h{solflw lq wkh wkhru| ri DD1 Krzhyhu/ vwdwh0lqghshqghqw suhihuhqfhv lq wklv vhqvh gr
qrw lpso| vwdwh0lqghshqghqw xwlolw| ixqfwlrqv1 Iru d pruh ghwdlohg glvfxvvlrq ri wklv srlqw vhh Nduql +4<<9,1
: Qrwh wkdw vwdwh0lqghshqghqfh rqo| uhtxluhv wkdw wkh udqnlqj ri urxohwwh orwwhulhv eh vwdwh0lqyduldqw1
Khqfh/ wkh xwlolw| ixqfwlrqv pd| eh vwdwh0ghshqghqw lq wkh vhqvh ri kdylqj glhuhqw lqwhufhswv dqg vfdohv1
6
lhv lw lv lpsruwdqw wr dgguhvv wklv phwkrgrorjlfdo lvvxh1 Wr vwduw zlwk/ Nduql dqg Prqjlq
+5333, dujxh wkdw lq yrq Qhxpdqq dqg Prujhqvwhuq*v +4<77, h{shfwhg xwlolw| wkhru| wkh vhw
ri frqvhtxhqfhv lv duelwudu|1 Khqfh/ lq sulqflsoh/ wklv wkhru| lv fdsdeoh ri dffrpprgdwlqj
frqvhtxhqfhv wkdw duh sul}h0vwdwh sdluv1 Yhuedo whvwlprq| uhjduglqj suhihuhqfhv ryhu frqfhly0
deoh sul}h0vwdwh orwwhulhv pd| surylgh phdqlqjixo lqirupdwlrq uhjduglqj wkh ghflvlrq0pdnhu*v
suhihuhqfhv dqg eholhiv1 Ixuwkhupruh/ lq vr idu dv wkhlu hpslulfdo ydolglw| lv frqfhuqhg/ wkh
NV suredelolwlhv duh frqvlvwhqw zlwk hyhu| dvshfw ri revhuyhg fkrlfh ehkdylru wkdw lv frqvlv0
whqw zlwk wkh DD wkhru| dqg/ lq dgglwlrq/ wkh| duh frqvlvwhqw zlwk yhuedo0ehkdylru wkdw pd|
frqwudglfw wkh DD wkhru|1; Wkh vdph mxvwlfdwlrq dssolhv wr wkh wkhru| suhvhqwhg khuh1
Zh dvvxph wkdw ghflvlrq0pdnhuv duh fdsdeoh ri h{suhvvlqj suhihuhqfhv ehwzhhq sdluv ri
lqwhulp0vwdwh orwwhulhv dqg wkdw wkhvh suhihuhqfhv djuhh/ lq d vhqvh wr eh vshflhg/ zlwk wkh
ghflvlrq0pdnhu*v dfwxdo suhihuhqfhv dprqj dfwv1 Xqolnh NV zh gr qrw uhtxluh wkdw hlwkhu
wkh suhihuhqfh uhodwlrq rq lqwhulp0vwdwh orwwhulhv ru wkh kruvh2urxohwwh orwwhulhv vdwlvi| wkh
lqghshqghqfh d{lrp ri h{shfwhg xwlolw| wkhru|1 Khqfh/ rxu wkhru| dffrpprgdwhv suredelolv0
wlfdoo| vrsklvwlfdwhg qrqh{shfwhg xwlolw| fkrlfh ehkdylru zlwk vwdwh0ghshqghqw suhihuhqfhv1
Wkh d{lrpdwlf vwuxfwxuh uhtxluhv wkdw erwk wkh suhihuhqfh uhodwlrq rq lqwhulp0vwdwh orwwhu0
lhv dqg wkh suhihuhqfh uhodwlrq rq dfwv eh frqwlqxrxv zhdn rughuv1 Lq dgglwlrq/ wkh ruglqdo
udqnlqjv ri rxwfrphv lq hyhu| vwdwh duh dvvxphg wr eh lqghshqghqw ri wkh rxwfrphv lq rwkhu
vwdwhv/ dqg wkh suhihuhqfh uhodwlrqv duh dvvxphg wr prqrwrqlf zlwk uhvshfw wr/ dssursuldwho|
ghqhg/ uvw0rughu vwrfkdvwlf grplqdqfh1 Rxu nh| dvvxpswlrq/ wkh frqfrugdqfh d{lrp/ hv0
wdeolvkhv d ghjuhh ri djuhhphqw ehwzhhq wkh suhihuhqfh uhodwlrq rq dfwv dqg wkh fruuhvsrqglqj
suhihuhqfh uhodwlrq rq lqwhulp0vwdwh orwwhulhv1 Orrvho| vshdnlqj/ wklv djuhhphqw uhtxluhv wkdw
li/ iru vrph suredelolw| glvwulexwlrq ryhu wkh vwdwh0vsdfh/ wkh hvwlpdwhv ri wkh frqglwlrqdo
suredelolwlhv ri wzr vwdwhv edvhg rq suhihuhqfhv dprqj lqwhulp0vwdwh orwwhulhv lv wkh vdph dv
wkh fruuhvsrqglqj hvwlpdwhv edvhg rq suhihuhqfhv dprqj dfwv/ wkhq wkhvh suhihuhqfhv djuhh
rq udqnlqj ri doo dfwv wkdw dvvljq wkh vdph frqvhtxhqfhv wr doo rwkhu vwdwhv1
Vhfwlrq 5 od|v rxw wkh dqdo|wlfdo iudphzrun/ lqwurgxfhv wkh d{lrpv dqg suhvhqw vrph
suholplqdu| uhvxowv1 Vhfwlrq 6 frqwdlqv wkh pdlq uhsuhvhqwdwlrq uhvxow1 Vhfwlrq 7 frqwdlqv
uhqhphqwv ri rxu jhqhudo wkhru| ri txdqwldeoh eholhiv |lhoglqj wkh prghov ri Dqvfrpeh dqg
Dxpdqq +4<96,/ Nduql dqg Vfkphlgohu +4<;4, dqg Pdfklqd dqg Vfkphlgohu +4<<8, dv vshfldo
fdvhv1 D ixuwkhu uhqhphqw ri rxu prgho ohdgv wr uhfxuvlyh suhihuhqfhv zlwk txdqwldeoh
eholhiv1 Rqh vshflf h{dpsoh ri wklv qdo fodvv lv vkrzq wr eh frpsdwleoh zlwk d txdqwldeoh
eholhi yhuvlrq ri Vfkphlgohu*v +4<;<, Fkrtxhw h{shfwhg xwlolw| pd{lpl}lqj prgho dqg wkxv
fdsdeoh ri udwlrqdol}lqj Hoovehuj0sdudgr{ w|sh ehkdylru1 Wkh surriv ri doo wkh uhvxowv dsshdu





Ohw V @ i4> ===> qj eh d qlwh qrqhpsw| vhw1 Wkh hohphqwv ri V duh uhihuuhg wr dv vwdwhv ri
qdwxuh1 Wkh vhw ri suredelolw| phdvxuhv rq V zloo eh ghqrwhg e|P= Wkh ghjhqhudwh phdvxuh
r lv wkh hohphqw ri P wkdw dvvljqv wr v wkh xqlw suredelolw| pdvv1 Vxevhwv ri V duh hyhqwv1
Iru hdfk vwdwh v lq V/ ohw [r eh dq duelwudu| vhw ri sul}hv wkdw duh dydlodeoh li v rewdlqv
dqg ghqrwh e| Or wkh vhw ri doo vlpsoh suredelolw| phdvxuhv ru +vwdwh, urxohwwh orwwhulhv rq
[r= Zlwk voljkw dexvh ri qrwdwlrq/ iru hdfk vwdwh v 5 V dqg hdfk sul}h { 5 [r zh vkdoo xvh
erwk % dqg { wr ghqrwh wkh hohphqw ri Or wkdw dvvljqv wr wkh sul}h { wkh xqlw suredelolw|
pdvv1
Dq dfw +ru kruvh2urxohwwh orwwhu|, lq wklv frqwh{w lv d pdsslqj iurp wkh vhw ri vwdwhv ri
qdwxuh lqwr wkh fruuhvsrqglqj vhw ri urxohwwh orwwhulhv1 Wkdw lv/ wr hdfk v 5 V/ dq dfw dvvljqv
d urxohwwh orwwhu| s 5 Or1 Zh irupdoo| ghqh wkh vhw ri dfwv K dv wkh Fduwhvldq surgxfw/T
rM7 Or1 Iru hdfk k 5 K dqg s 5 Or ghqrwh e| +k
3r> s, wkh dfw rewdlqhg e| uhsodflqj wkh v
frruglqdwh ri k e| s1
Zh ylhz wkh vhw K d pl{wxuh vhw vlqfh iru dq| sdlu ri dfwv i> j 5 K dqg dq| suredelolw|
 5 ^3> 4` zh vkdoo lghqwli| i.+4 , j zlwk wkh dfw k 5 K/ iru zklfk kr @ ir . +4 , jr
iru hdfk v 5 V1
Lq wklv wzr0vwdjh irupxodwlrq/ diwhu wkh uvw0vwdjh/ dq djhqw nqrzv zklfk vwdwh v lq V lv wkh
wuxh vwdwh ri qdwxuh/ exw xqohvv wkh urxohwwh orwwhu| dvvrfldwhg zlwk wkdw vwdwh lv ghjhqhudwh/
vkh vwloo grhv qrw nqrz zklfk sul}h lq [r vkh zloo xowlpdwho| uhfhlyh1 Zh vkdoo uhihu wr
wklv vwdjh dv wkh lqwhulp vwdjh/ zkhuh d w|slfdo lqwhulp0vwdwh lv d vwdwh2urxohwwh0orwwhu| sdlu
+v> s, zkhuh v 5 V dqg s 5 Or1 Fruuhvsrqglqjo|/ wkh vhw ri ghjhqhudwh lqwhulp0vwdwhv zloo eh
lghqwlhg zlwk wkh vhw ri vwdwh0sul}h sdluv F @ i+v> {, m v 5 V>{ 5 [rj1 Lq wklv fdvh diwhu wkh
uvw vwdjh/ wkhuh lv qr pruh xqfhuwdlqw| ohiw wr eh uhvroyhg1
Ohw  eh d elqdu| rshudwlrq ghqhg dv iroorzv= iru doo  5 P dqg i 5 K/   i lv wkh
vlpsoh orwwhu| ghqhg rq wkh vhw ri lqwhulp vwdwhv/ wkdw lv/ d vlpsoh lqwhulp0vwdwh orwwhu|/ lq
zklfk iru hdfk v 5 V dqg s 5 Or/
+ i,+v> s, @
;AA?A=




Dq lqwhulp0vwdwh orwwhu| pd| eh ylhzhg dv dq dfw +kruvh2urxohwwh orwwhu|, zlwk suhdvvljqhg
suredelolwlhv/ > wr wkh vwdwhv +kruvhv,1
Ohw aO ghqrwh wkh vhw ri lqwhulp0vwdwh orwwhulhv wkdw fdq eh h{suhvvhg lq wklv zd|1 Qrwlfh
wkdw wkhuh h{lvwv d qdwxudo rqh0wr0rqh fruuhvsrqghqfh ehwzhhq aO dqg wkh vhw ri vlpsoh sured0
elolw| phdvxuhv rq F1 Zh fdq dvvrfldwh zlwk hdfk lqwhulp0vwdwh orwwhu|/ i / wkh vwdwh0sul}h
orwwhu| c ghqhg e| c +v> {, @ rir +{, iru doo +v> {, 5 F1 Dqg zlwk hdfk vwdwh0sul}h orwwhu| c
zh fdq dvvrfldwh wkh lqwhulp0vwdwh orwwhu|/  i 5 aO/ ghqhg e| r @
S
%Mfr
c +v> {, dqg
ir +{, @
;AA?A=
3 li r @ 3
c +v> {, @r li r A 3
/ iru doo v 5 V dqg doo { 5 [r1
Lq dgglwlrq wr ehlqj deoh wr h{suhvv suhihuhqfhv ehwzhhq sdluv ri dfwv iurp K/ zh vkdoo
dvvxph wkdw dq lqglylgxdo fdq dovr h{suhvv suhihuhqfhv ehwzhhq sdluv ri lqwhulp0vwdwh orwwhulhv
iurp aO1 Jlyhq wkh deryh rqh0wr0rqh fruuhvsrqghqfh wkdw h{lvwv ehwzhhq aO dqg wkh vhw ri
vlpsoh suredelolw| phdvxuhv rq F/ zh vkdoo vrphwlphv lghqwli| wklv suhihuhqfh uhodwlrq zlwk
wkh lqglylgxdo*v suhihuhqfhv ryhu vwdwh0sul}h orwwhulhv1
Qrwlfh wkdw ri fruuhvsrqgv wr wkh hohphqw ri aO wkdw dvvljqv wr wkh lqwhulp0vwdwh +v> ir,
wkh xqlw suredelolw| pdvv1 Zh fdq wkxv h{suhvv i @
S
rM7 r +
r  i,1 Pruh jhqhudoo|/ zh
vkdoo ylhz wkh vhw aO dv d pl{wxuh vsdfh/ vlqfh iru dq| sdlu ri suredelolw| phdvxuhv >  5P /
dq| sdlu ri dfwv i> j 5 K dqg dq| suredelolw|  5 ^3> 4`/ zh vkdoo lghqwli|  + i, .
+4 , +  j, zlwk wkh lqwhulp0vwdwh orwwhu|
[
rM7





r . +4 , r
i .
+4 , r




Wkdw lv/ hdfk vwdwh v 5 V/ lv dvvljqhg wkh suredelolw| zhljkw r.+4 , r/ dqg wkh urxohwwh
orwwhu| lq wkdw vwdwh lv jlyhq e|
r
r . +4 , r
ir .
+4 , r
r . +4 , r
jr
zklfk lv dq hohphqw ri Or1
<
Suhihuhqfhv ryhu wkh vhw ri dfwv duh jlyhq e| ?/ d elqdu| uhodwlrq rq K= Suhihuhqfhv ryhu
wkh vhw ri lqwhulp0vwdwh orwwhulhv duh jlyhq e| a?/ d elqdu| uhodwlrq rq aO1 Wkh dv|pphwulf/ ">
a" dqg v|pphwulf/ > a sduwv ri ? dqg a?/ uhvshfwlyho|/ duh ghqhg dv xvxdo1
< Ohw  +uhvshfwlyho|/ , eh wkh vwdwh0sul}h orwwhu| dvvrfldwhg zlwk wkh lqwhulp0vwdwh orwwhu| >	 s +uhvshf0
wlyho|/ D 	 },1 Lw lv vwudljkwiruzdug wr fkhfn wkdw iru dq| k M dfc o/ wkh vwdwh0sul}h orwwhu| dvvrfldwhg zlwk wkh
lqwhulp0vwdwh orwwhu| k E>	 s n E3 k ED 	 } lv kn E3 k 1
9
 
Zh uhtxluh d qrq0ghjhqhudf| dqg ulfkqhvv iru wkh vwdwh0sul}h vsdfh1 Orrvho| vshdnlqj/ zh
dvvxph wkdw lq hdfk vwdwh/ wkhuh duh dw ohdvw wzr sul}hv ehwzhhq zklfk wkh lqglylgxdo kdv
d vwulfw suhihuhqfh1 Wkdw lv/ lq hdfk vwdwh v/ wkhuh h{lvw sul}hv {r dqg {r vxfk wkdw li wkh
lqglylgxdo eholhyhg wkdw vwdwh v zhuh jrlqj wr rewdlq zlwk suredelolw| rqh/ kh zrxog vwulfwo|
suhihu uhfhlylqj wkh sul}h {r wr uhfhlylqj wkh sul}h {r1 Zh fdq { d vhw i{r> {rjrM7 dqg ohw
{ +uhvshfwlyho|/ {, ghqrwh wkh dfw wkdw |lhogv lq hdfk vwdwh v/ wkh ghjhqhudwh urxohwwh orwwhu|
%r +uhvshfwlyho|/ %r,1 Vr wkdw wkh suhihuhqfh uhodwlrq ryhu dfwv lv qrw wulyldo/ zh dvvxph wkdw
{ " {1 Ixuwkhupruh/ zh uhtxluh wkhuh h{lvwv wkh iroorzlqj csuhihuhqfh ryhuods* ehwzhhq hdfk
sdlu ri vwdwhv1 Li wkh lqglylgxdo vwulfwo| suhihuv wkh vwdwh0sul}h +w> {|, +wkdw lv/ wkh ehwwhu sul}h
lq vwdwh w, wr wkh vwdwh0sul}h +v> {r, +wkh ehwwhu sul}h lq vwdwh v,/ wkhq kh vwulfwo| suhihuv wkh
vwdwh0sul}h +v> {r, wr +w> {|, +wkh zruvh sul}h lq vwdwh w, dqg kh zhdno| suhihuv +w> {|, wr +v> {r,1
Irupdoo| zh uhtxluh=
+D13, +Vwdwh0Suhihuhqfh Ryhuods, Wkhuh h{lvwv wzr dfwv {> { 5 K/ vxfk wkdw { " {
dqg iru hdfk v 5 V/ +v> {r, > +v> {r, 5 F dqg 
r  { a" r  {1 Ixuwkhupruh/ iru hyhu| sdlu ri
vwdwhv v> w 5 V/ li |  { a" r  { wkhq r  { a" |  {> dqg |  { a? r  {1
Qrwlfh lq sduwlfxodu/ li wzr vwdwhv hdfk kdg rqo| wzr srvvleoh sul}hv/ vwdwh0suhihuhqfh
ryhuods zrxog lpso| wkdw wkh cehwwhu* dqg czruvh* sul}hv iru rqh vwdwh frxog qrw eh cqhvwhg*
lq suhihuhqfh whupv ehwzhhq wkh cehwwhu* dqg czruvh* sul}h ri wkh rwkhu vwdwh1 Wkdw lv/ lq
wkh fdvh zkhuh [r @ i{r> {rj dqg [| @ i{|> {|j/ wkh iroorzlqj suhihuhqfh rughulqj lv qrw
doorzhg= |{ a" r{ a" r{ a" |{1 Wr dyrlg srvvleoh plvxqghuvwdqglqj frqvlghu wkh
iroorzlqj wzr0vwdwh h{dpsoh lq zklfk hdfk vwdwh kdv d frqwlqxxp ri sul}hv1 [ @ ^4@7> 6@7`/
[2 @ ^3> 4`/ 




/ li dqg rqo| li { |  3/ dqg i ? j/ li dqg rqo| li
[
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Wklv h{dpsoh vdwlvhv vwdwh0suhihuhqfh ryhuods hyhq wkrxjk wkh cehvw* dqg czruvw* sul}hv iru
vwdwh 4 duh qhvwhg ehwzhhq wkh cehvw* dqg czruvw* sul}hv iru vwdwh 51 Iru lqvwdqfh/ li zh wdnh
{ =@ 6@7 A {2 =@ 4@5 A { =@ 4@7 A {2 =@ 3/ wkhq zh kdyh wkh uhtxluhg suhihuhqfh ryhuods
dqg { " {1
D vlplodu uhtxluhphqw lv lpsrvhg e| Ilvkexuq +4<:6, lq klv d{lrpdwl}dwlrq ri h{shfwhg
xwlolw| zlwk vwdwh0ghshqghqw suhihuhqfhv1 Dv Nduql +4<;8, srlqwv rxw/ wklv dvvxpswlrq pd|
eh luuhfrqflodeoh zlwk vrph dssolfdwlrqv ri vwdwh0ghshqghqw suhihuhqfhv1 D fodvvlf h{dpsoh
zrxog eh lq wkh frqwh{w ri  ljkw lqvxudqfh zkhuh wkh vwdwhv ri qdwxuh lqfoxgh erwk wkh
:
vwdwhv olih dqg ghdwk dqg wkh sul}hv lq hdfk vwdwh duh ohyhov ri zhdowk1 Lq wklv fdvh/
vwdwh0suhihuhqfh ryhuods dvvhuwv wkdw d sdvvhqjhu zlwk qr ghshqghqwv pd| vwloo suhihu ghdwk
ryhu olih li kh wdnhv rxw d vx!flhqwo| odujh lqvxudqfh srolf|1 Kdylqj vdlg wkdw/ krzhyhu/ wkh
vwdwh0suhihuhqfh ryhuods zloo eh d pdlqwdlqhg dvvxpswlrq wkurxjkrxw1
Wkh qh{w wzr dvvxpswlrqv duh wkh vwdqgdug rughulqj dqg frqwlqxlw| dvvxpswlrqv=
+D14, +Zhdn Rughu, ? dqg a? duh frpsohwh dqg wudqvlwlyh1
+D15, +Dufklphghdq, +d, Iru doo i> j> k 5 K vxfk wkdw i " j " k wkhuh h{lvw >  5 +3> 4,
vxfk wkdw i . +4 ,k " j " i . +4 ,k= +e, Iru doo  i /   j/   k 5 aO vxfk wkdw
 i a"   j a"  k/ wkhuh h{lvw > % 5 +3> 4, vxfk wkdw  + i, . +4 , +  k, a"   j
a" % + i, . +4 %, +  k, =
Wkh uvw ri rxu cprqrwrqlflw|* d{lrpv/ vwdwhv wkdw erwk suhihuhqfh uhodwlrqv ? dqg a?
uhvshfw d sduwldo rughulqj ri frqglwlrqdo uvw rughu vwrfkdvwlf grplqdqfh dfurvv sul}hv zlwklq
d jlyhq vwdwh kroglqj zkdw kdsshqv r wkdw vwdwh {hg1 Wkdw lv/ prylqj suredelolw| iurp d
frqglwlrqdoo| ohvv suhihuuhg sul}h wr d frqglwlrqdoo| pruh suhihuuhg sul}h zlwklq d vwdwh/ exw
ohdylqj wkh uhvw ri wkh dfw ru lqwhulp0vwdwh orwwhu| xqfkdqjhg pdnhv wkh dfw ru lqwhulp0vwdwh
orwwhu| pruh dwwudfwlyh1
+D16, +Lqwud0Vwdwh Prqrwrqlflw|, Iru dq| vwdwh v 5 V/ dq| sdlu ri sul}hv {> | 5 [r/
dq|  5P / dq| dfw i 5 K/ dq| urxohwwh orwwhu| s 5 Or/ dqg dq|  5 +3> 4`=
+l, +i3r> {, ? +", +i3r> |, lpsolhv +i3r> % . +4 , s, ? +", +i3r> + . +4 , s,/
dqg
+ll, +i3r> {, a? +a", +i3r> |, lpsolhv +i3r> % . +4 , s, a? +a", +i3r> + . +4 , s,1
Lq wkh vwdwhphqw ri wkh odvw d{lrp/ qrwklqj suhyhqwv wkh suhihuhqfh ehwzhhq wzr sul}hv
lq d jlyhq vwdwh/ iurp ghshqglqj xsrq wkh dfw +ru/ uhvshfwlyho|/ wkh lqwhulp0vwdwh orwwhu|,
lq zklfk wkh| uhvlgh1 Wkh qh{w d{lrp hperglhv d qrwlrq ri ruglqdo dfw lqghshqghqfh/ wkdw
vkdoo suhfoxgh vxfk frqglwlrqlqj1 Wkdw lv/ wkh ruglqdo udqnlqj ri sul}hv lq d jlyhq vwdwh
lv lqghshqghqw ri wkh dfw ru lqwhulp0vwdwh orwwhu| lq zklfk wkh| uhvlgh1 Lw grhv qrw lpso|/
krzhyhu/ wkdw wkh ruglqdo udqnlqj ri sul}hv lv wkh vdph dfurvv vwdwhv1 Iru lqvwdqfh/ li wkh
sul}hv lqfoxgh wlfnhwv wr d frqfhuw dqg dq doo0h{shqvhv sdlg vnllqj ydfdwlrq/ wkhlu udqnlqj
pd| eh uhyhuvhg ghshqglqj rq zkhwkhu wkh vwdwhv ri qdwxuh duh lqmxuhg dqnoh ru qrw1 Rq wkh
rwkhu kdqg li sul}hv duh ohyhov ri zhdowk wkh ruglqdo udqnlqj pd| eh wkh vdph dfurvv vwdwhv1
Ruglqdo dfw lqghshqghqfh zloo kdyh elwh rqo| li wkh vwdwh lv txhvwlrq lv reylrxvo| qrqqxoo1
;
Ghqlwlrq 4 D vwdwh v lv reylrxvo| qxoo li  +i3r> s, a"  +i3r> t, iru vrph suredelolw|
glvwulexwlrq  5 P / vrph urxohwwh orwwhulhv s> t 5 Or dqg vrph dfw i 5 K exw +j
3r> s, 
+j3r> t, iru doo urxohwwh orwwhulhv s> t 5 Or dqg doo dfwv j 5 K1 Lw lv reylrxvo| qrqqxoo li
+i3r> s, " +i3r> t, iru vrph i 5 K dqg s> t 5 Or1
43
+D17, +Ruglqdo Dfw Lqghshqghqfh, Iru dq| reylrxvo| qrqqxoo vwdwh v 5 V/ dq| sdlu
ri sul}hv {> | 5 [r/ dq| sdlu ri dfwv i> j 5 K dqg dq| suredelolw| phdvxuh  5P / vxfk wkdw
r A 3=  +i
3r> {, a?  +i3r> |, li dqg rqo| li +j3r> {, ? +j3r> |,1
Ruglqdo dfw lqghshqghqfh lpsrvhv wkh iroorzlqj frqvlvwhqf| ehwzhhq wkh suhihuhqfh uhod0
wlrqv a? dqg ?1 Iru hdfk vwdwh v lq V/ ohw a?r dqg ?r eh wkh suhihuhqfh uhodwlrqv rq wkh sul}h
vsdfh [r ghqhg dv iroorzv= iru doo sdluv ri rxwfrphv {> | 5 [r/ li 
r+{3r> {, a? r+{3r> |,
wkhq { a?r |/ dqg li +{
3r> {, ? +{3r> |, wkhq { ?r |1 Ruglqdo dfw lqghshqghqfh dqg zhdn
rughu lpso| wkdw iru hyhu| reylrxvo| qrqqxoo vwdwh v/ a?r @ ?r1 Erwk elqdu| uhodwlrqv lqkhulw
wkh zhdn rughulqj surshuw| ri wkhlu uhvshfwlyh csduhqw* uhodwlrqv1
Jlyhq ruglqdo dfw lqghshqghqfh lw lv phdqlqjixo wr wdon derxw prqrwrqlflw| zlwk uhvshfw
wr uvw rughu vwrfkdvwlf grplqdqfh iru urxohwwh orwwhulhv zlwklq d jlyhq vwdwh1
Ghqlwlrq 5 Iru dq| vwdwh v 5 V/ dqg dq| sdlu ri urxohwwh orwwhulhv s @ +{> s> = = = >{6> s6, 5
Or dqg s
 @ +{> s





6, 5 Or/ wkh urxohwwh orwwhu| s lv vdlg wr uvw0rughu vwrfkdvwl0
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Wkh urxohwwh orwwhu| s lv vdlg wr vwulfwo| uvw0rughu vwrfkdvwlfdoo| grplqdwh rq vwdwh v wkh
urxohwwh orwwhu| s +zulwwhq s A
r
s, li/ lq dgglwlrq/ vwulfw lqhtxdolw| krogv iru vrph n @
4> = = = >p1
Wkh qh{w ohppd vwdwhv wkdw zhdn rughu/ lqwud0vwdwh prqrwrqlflw| dqg ruglqdo dfw lqghshq0
ghqfh wrjhwkhu lpso| wkdw li wzr dfwv +uhvshfwlyho|/ wzr lqwhulp0vwdwh orwwhulhv, glhu rq rqo|
rqh reylrxvo| qrq0qxoo vwdwh +uhvshfwlyho|/ rq rqh vwdwh zlwk srvlwlyh suredelolw|,/ dqg iru rqh
dfw +uhvshfwlyho|/ lqwhulp0vwdwh orwwhu|, wkh urxohwwh orwwhu| lq wkdw vwdwh +vwulfwo|, uvw0rughu
43 Qrwlfh wkdw +D13, dqg +D16,/ lpso| wkdw hdfk vwdwh lv hlwkhu reylrxvo| qxoo ru reylrxvo| qrqqxoo1 Wkh
lq ehwzhhq fdvh/ qdpho| wkh fdvh lq zklfk doo wkh sul}hv lq d jlyhq vwdwh duh htxdoo| suhihuuhg lv glvfxvvhg lq
Nduql/ Vfkphlgohu ) Ylqg +4<;6,1
<
vwrfkdvwlfdoo| grplqdwhv wkh urxohwwh orwwhu| rq wkdw vwdwh iru wkh rwkhu dfw +uhvshfwlyho|/
lqwhulp0vwdwh orwwhu|,/ wkhq wkh iruphu dfw +lqwhulp0vwdwh orwwhu|, lv +vwulfwo|, suhihuuhg wr wkh
odwwhu1
Ohppd 4 Vxssrvh wkdw ? dqg a? vdwlvi| +D14,/ +D16, dqg +D17,1 Wkhq/ iru dq| vwdwh v 5 V/




+l, +i3r> s, ? +i3r> s, dqg +ll,   +i3r> s, a?   +i3r> s, zlwk vwulfw suhihuhqfh lq +l,
+uhvshfwlyho|/ lq +ll,, li s A
r
s dqg v lv reylrxvo| qrqqxoo +uhvshfwlyho|/ r A 3,1
Jlyhq ruglqdo dfw lqghshqghqfh/ lw lv dovr phdqlqjixo wr ghqh prqrwrqlflw| zlwk uhvshfw
wr uvw rughu vwrfkdvwlf grplqdqfh iru urxohwwh orwwhulhv dfurvv glhuhqw vwdwhv1 Wkdw lv/ zh
fdq dovr lqwurgxfh d uvw0rughu vwrfkdvwlf grplqdqfh sduwldo rughulqj iru ghjhqhudwh lqwhulp0
vwdwh orwwhulhv zkhuh wkh grplqdqfh lv zlwk uhvshfw wr wkh suhihuhqfh uhodwlrq ryhu F lqgxfhg
e| a?1
Ghqlwlrq 6 Iru dq| sdlu ri urxohwwh orwwhulhv s 5 Or dqg t 5 O|/ wkh ghjhqhudwh lqwhulp0
vwdwh orwwhu| wkdw |lhogv s rq vwdwh v lv vdlg wr uvw0rughu vwrfkdvwlfdoo| grplqdwh wkh gh0
jhqhudwh lqwhulp0vwdwh orwwhu| wkdw |lhogv t rq vwdwh w +zulwwhq +v> s, 

+w> t,,/ li/ iru doo
+u> {, 5 F
[
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 	? Bo	E3o c%j
t +}, 1
Ixuwkhupruh/ wkh ghjhqhudwh lqwhulp0vwdwh orwwhu| wkdw |lhogv s rq vwdwh v lv vdlg wr vwulfwo|
uvw0rughu vwrfkdvwlfdoo| grplqdwh wkh ghjhqhudwh lqwhulp0vwdwh orwwhu| wkdw |lhogv t rq vwdwh
w +zulwwhq +v> s, A

+w> t,, li/ lq dgglwlrq/ vwulfw lqhtxdolw| krogv iru vrph +u> {, 5 F1
Rxu qdo prqrwrqlflw| d{lrp uhtxluhv wkdw prylqj suredelolw| iurp vwdwhv zlwk uvw0
rughu vwrfkdvwlfdoo| lqihulru urxohwwh orwwhulhv wr vwdwhv zlwk uvw0rughu vwrfkdvwlfdoo| vxshulru
urxohwwh orwwhulhv/ lqfuhdvhv wkh ghvludelolw| ri wkh lqwhulp0vwdwh orwwhu|1
+D18, +Lqwhu0Vwdwh Prqrwrqlflw|, Iru dq| wzr vwdwhv v> w 5 V/ dq| sdlu ri urxohwwh
orwwhulhv s 5 Or/ t 5 O|/ dq| dfw i 5 K/ dqg dq| sdlu ri suredelolw| phdvxuhv >  5 P / li
+v> s, 












1 Ixuwkhupruh/ li +v> s, A















Dv zh kdyh douhdg| revhuyhg deryh/ ruglqdo dfw lqghshqghqfh jxdudqwhhv/ iru hdfk re0
ylrxvo| qrqqxoo vwdwh v 5 V/ wkh djuhhphqw ehwzhhq wkh frqglwlrqdo suhihuhqfh uhodwlrqv a?r
dqg ?r lqgxfhg rq [r e| a? dqg ?/ uhvshfwlyho|1 Exw vxfk frqvlvwhqf| ehwzhhq a? dqg ?/
dowkrxjk qhfhvvdu| iru txdqwldeoh eholhiv/ lv qrw vx!flhqw wr hqvxuh wkdw lw lv srvvleoh wr
lghqwli| wkh suhihuhqfh uhodwlrq ryhu dfwv zlwk wkh suhihuhqfh uhodwlrq ryhu lqwhulp0vwdwh orw0
whulhv uhvwulfwhg wr d vxevhw ri vxfk orwwhulhv wkdw kdyh wkh vdph glvwulexwlrq ryhu vwdwhv1 Wkh
qh{w d{lrp/ zklfk lv nh| wr rxu wkhru|/ pd| eh lqwhusuhwhg dv vhwwlqj wkh kxugoh wkdw pxvw
eh fohduhg iru xv wr eh deoh wr frqfoxgh wkdw/ dw ohdvw/ wkh suhihuhqfh ehwzhhq dfwv wkdw glhu
lq dw prvw wzr vwdwhv/ lv frqwdlqhg lq wkh suhihuhqfh uhodwlrq ryhu lqwhulp0vwdwhv orwwhulhv/
uhvwulfwhg wr wkrvh wkdw kdyh d frpprq glvwulexwlrq ryhu vwdwhv1 Wr vwdwh wklv d{lrp zh lq0
wurgxfh wkh iroorzlqj dgglwlrqdo qrwdwlrqv dqg ghqlwlrqv= Il{ vrph reylrxvo| qrqqxoo vwdwh













%r . +4 | +,, 
%
r ` rq v
^| +, 
%| . +4 | +,, 
%
| ` rq w
{
r
rq v @5 V  iv> wj
6::::::8 =
Wkh fruuhvsrqghqfh | = P $ ^3> 4` ghqhg deryh lv/ lq idfw/ d ixqfwlrq1 Wklv lv dq lpphgldwh
lpsolfdwlrq ri Ohppd 7 ehorz1









%r . +4 |, 
%
r ` rq v
^|
%| . +4 |, 
%
| ` rq w
{
r
rq v @5 V  iv> wj
6::::::8 =
Wr judvs wkh phdqlqj ri wkhvh ghqlwlrqv wklqn ri | +, dv dq hvwlpdwh ri wkh suredelolw|
ri wkh vwdwh v frqglwlrqdo rq wkh hyhqw iv> wj xqghu = Vlploduo|/ wklqn ri | dv dq hvwlpdwh ri
wkh ghflvlrq0pdnhu*v vxemhfwlyh suredelolw| ri vwdwh v frqglwlrqdo rq wkh hyhqw iv> wj1 Lw lv hdv|
wr yhuli| wkdw/ li a? dqg ? vdwlvi| wkh d{lrpv ri h{shfwhg xwlolw| dqg wkh fruuhvsrqglqj yrq
Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrqv duh vwdwh0lqghshqghqw wkhq wkhvh hvwlpdwhv duh wkh
wuxh frqglwlrqdo suredelolwlhv +l1h1/ | +, @ r@ +r . |, dqg li wkh vxemhfwlyh suredelolw| lv
ghqrwhg  wkhq | @ r@ +r . |,,1 Lq jhqhudo/ krzhyhu/ wkh hvwlpdwhv pd| ghyldwh iurp wkh
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frqglwlrqdo suredelolwlhv1 Iru lqvwdqfh/ li a? dqg ? vdwlvi| wkh d{lrpv ri h{shfwhg xwlolw| dqg
wkh fruuhvsrqglqj yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrqv duh vwdwh0ghshqghqw wkhq/
| +, @
r ^xr +{r, xr +{r,`
r ^xr +{r, xr +{r,` . | ^x| +{|, x| +{|,`
dqg | @
r ^xr +{r, xr +{r,`
r ^xr +{r, xr +{r,` . | ^x| +{|, x| +{|,`
=
Li wkh xwlolw| ixqfwlrqv uhsuhvhqwlqj wkh suhihuhqfhv uhodwlrqv a? dqg ? duh qrw olqhdu lq wkh
suredelolwlhv wkhq wkh hvwlpdwhv pd| ghshqg rq wkh hqwluh yhfwru ri sd|rv1
Wkh qh{w d{lrp uhtxluhv wkdw zkhqhyhu wkhvh hvwlpdwhv duh lq djuhhphqw +l1h1/ zkhq 
vdwlvhv | +, @ |, wkhq wkh xqghuo|lqj suhihuhqfh uhodwlrqv a? dqg ? pxvw eh lq djuhhphqw
rq wkh udqnlqj ri dfwv wkdw glhu rqo| rq wkh frqglwlrqlqj +wzr0vwdwh, hyhqw/ iv> wj> dqg wkh
udqnlqj ri wkh fruuhvsrqglqj lqwhulp0vwdwh orwwhulhv1
Wkh dfwv i dqg j duh vdlg wr djuhh rxwvlgh wkh hyhqw iv> wj li ir @ jr iru doo v
 @5 Viv> wj =
Zlwk wkhvh ghqlwlrqv lq plqg zh vwdwh wkh frqfrugdqfh d{lrp=
+D19, +Frqfrugdqfh, Il{ vrph reylrxvo| qrqqxoo vwdwh v 5 V wkhq/ iru hyhu| w 5 Vivj/
hyhu| suredelolw| phdvxuh  5 P> dqg hyhu| i> j 5 K wkdw djuhh rxwvlgh wkh hyhqw iv> wj/ li
| @ |+, wkhq
 i a?  j / i ? j=
Wkh qh{w ohppd frqwdlqv d fulwlfdo revhuydwlrq/ qdpho|/ wkdw iru vrph suredelolw| phdvxuh
 5P> | @ |+, iru doo w 5 V  ivj1 Wkxv/ wkh frqfrugdqfh d{lrp lv qrw ydfxrxv1
Ohppd 5 Wkhuh h{lvw  5P vxfk wkdw | @ |+, iru doo w 5 V  ivj=
  

Wkh iroorzlqj uhvxowv zloo eh xvhg lq wkh surri ri wkh pdlq uhsuhvhqwdwlrq wkhruhp1 Wr
idflolwdwh wkh h{srvlwlrq zh lqwurgxfh wkh iroorzlqj qrwdwlrqv dqg ghqlwlrqv1 Iluvw/ zh vd| i






j/ li ir 

r jr
iru doo v 5 V +dqg zlwk i| A

| j| iru vrph reylrxvo| qrqqxoo w 5 V,1 Qh{w zh ghqh d
sduwldo rughu/ 	u/ rq wkh vhw ri lqwhulp0vwdwh orwwhulhv dv iroorzv= li i 

M
j wkhq iru dq|
 5 P / zh zulwh   i 	u   j> dqg/ iru dq| dfw i 5 K dqg dq| sdlu ri vwdwhv/ v> w 5 V/







+w> i|, wkhq/ iru dq| >  5 P / vxfk wkdw r A r/ dqg r @ r iru doo




ohw A	u ghqrwh wkh dv|pphwulf sduw ri 	u1 Li   i 	u   j/ wkhq zh vkdoo vd| wkdw wkh
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lqwhulp0vwdwh orwwhu|   i lqgluhfwo| uvw0rughu vwrfkdvwlfdoo| grplqdwhv wkh lqwhulp0vwdwh
orwwhu|   j1 Vlploduo|/ li   i A	u   j wkhq zh vkdoo vd| wkdw   i lqgluhfwo| vwulfwo|
uvw0rughu vwrfkdvwlfdoo| grplqdwhv   j1
Ghqlwlrq 7 +d, Wkh elqdu| uhodwlrq ? vdwlvhv pl{wxuh prqrwrqlflw| li/ iru doo i> j 5 K
vxfk wkdw i A
M
j/ dqg doo > 5 ^3> 4` =
   / i . +4 , j ? i . +4 , j1
+e, Wkh elqdu| uhodwlrq a? vdwlvhv pl{wxuh prqrwrqlflw| li/ iru doo i> j 5 K/ >  5P vxfk
wkdw  i A	u   j/ dqg >  5 ^3> 4` =
   /  + i, . +4 , +  j, a?  + i, . +4 , +  j, 1
Ohppd 6 +Pl{wxuh Prqrwrqlflw|, D{lrpv D14/ dqg +D16,0+D18, lpso| wkdw ? dqg a?
vdwlvi| pl{wxuh prqrwrqlflw|1
Ghqlwlrq 8 +d, Wkh elqdu| uhodwlrq ? vdwlvhv pl{wxuh vroydelolw| li iru doo i> j> k 5 K
vxfk wkdw i A
M
j/ dqg i ? k ? j/ wkhuh h{lvwv d xqltxh  5 ^3> 4` vxfk wkdw i.+4 , j  k1
+e, Wkh elqdu| uhodwlrq a? vdwlvhv pl{wxuh vroydelolw| li iru doo i> j> k 5 K/ dqg iru doo
> >  5 P vxfk wkdw   i A	u   j/ dqg   i
a?   k a?   j/ wkhuh h{lvwv d xqltxh
 5 ^3> 4` vxfk wkdw  + i, . +4 , +  j, a   k1
Ohppd 7 +Pl{wxuh Vroydelolw|, D{lrpv +D14,0+D18, lpso| wkdw ? dqg a? vdwlvi| pl{wxuh
vroydelolw|1




Dv d suholplqdu| vwhs wrzdug wkh vwdwhphqw ri rxu pdlq uhsuhvhqwdwlrq wkhruhp zh vkrz/
lq wkh qh{w ohppd/ wkdw wkh djuhhphqw ehwzhhq wkh suhihuhqfh uhodwlrq ryhu dfwv dqg wkh
uhvwulfwhg suhihuhqfh uhodwlrq ryhu lqwhulp0vwdwh orwwhulhv lpsrvhg e| wkh frqfrugdqfh d{lrp
lv vx!flhqw wr hqvxuh wkdw wkhvh wzr uhodwlrqv djuhh ryhu wkh hqwluh vhw ri dfwv1
Ohppd 8 Dvvxph wkdw ? dqg a? vdwlvi| +D14, 0 +D19, dqg ohw W 5 P eh vxfk wkdw Wr A 3
dqg  @  +W, = Wkhq iru hdfk wulsoh ri dfwv i> j> k 5 K/ iru zklfk j A
M





dqg iru hyhu| hyhqw H  V/ iru zklfk v lv dq hohphqw/ wkhuh h{lvwv d xqltxh  5 ^3> 4`/ vxfk
wkdw
W  i a W 

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 
Hdfk ixqfwlrq Y = aO$ U lqgxfhv d suhihuhqfh uhodwlrq rq aO1 Lq sduwlfxodu/ lw lqgxfhv d suhi0
huhqfh uhodwlrq ryhu F/ wkh vhw ri vwdwh0sul}h sdluv1 Khqfh zh fdq ghqh wkh sduwldo rughulqj
ryhu ghjhqhudwh lqwhulp0vwdwh orwwhulhv ri uvw0rughu vwrfkdvwlf grplqdqfh zlwk uhvshfw wr wkh
suhihuhqfh uhodwlrq ryhu F wkdw lv lqgxfhg e| Y 1
Ghqlwlrq 9 Il{ d ixqfwlrq Y = aO$ U1 Iru dq| sdlu ri urxohwwh orwwhulhv s 5 Or dqg t 5 O|/
wkh ghjhqhudwh lqwhulp0vwdwh orwwhu| wkdw |lhogv s rq vwdwh v lv vdlg wr uvw0rughu vwrfkdvwlfdoo|
grplqdwh zlwk uhvshfw wr wkh rughu rq F lqgxfhg e| Y wkh ghjhqhudwh lqwhulp0vwdwh orwwhu|
wkdw |lhogv t rq vwdwh w +zulwwhq +v> s, 
T
+w> t,, li/ iru doo +u> {, 5 F/
[
t+Mfr G T EB
r	E%3rc+ D T EBo	E%3o c%
s +|, 
[
i5Mf| G T +B|	E%3|c5, D T EBo	E%3o c%j
t +}, 1
Ixuwkhupruh/ s +rq vwdwh v, lv vdlg wr vwulfwo| uvw0rughu vwrfkdvwlfdoo| grplqdwh zlwk uhvshfw
wr wkh rughu rq F lqgxfhg e| Y wkh ghjhqhudwh lqwhulp0vwdwh orwwhu| wkdw |lhogv t rq vwdwh w
+zulwwhq +v> s, A
T
+w> t,,/ li/ lq dgglwlrq/ vwulfw lqhtxdolw| krogv iru vrph +u> {, 5 F1
Xvlqj ghqlwlrq 9 zh ghqh d sduwldo rughu rq aO/ lqgxfhg e| Y / wkdw zh uhihu wr dv
Y 0grplqdqfh1
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+ i>  j, =  5P / i> j 5 K/ +v> ir, 

T




+  i>  i, = >  5P / i 5 K/ v1w1 r A r dqg r @ r/ iru doo v





Vhw T	u htxdo wr wkh wudqvlwlyh forvxuh ri T dqg vhw A
T
	u
htxdo wr wkh dv|pphwulf sduw ri
T	u 1
Rxu qrwlrq ri prqrwrqlflw| iru Y lv wkh ixqfwlrqdo dqdorj ri wkh frqmxqfwlrq ri lqwud0
vwdwh prqrwrqlflw|/ ruglqdo dfw lqghshqghqfh dqg lqwhu0vwdwh prqrwrqlflw| iru d suhihuhqfh
uhodwlrq ghqhg ryhu aO1 Lw vd|v wkdw li  i +vwulfwo|, Y 0grplqdwhv   j wkhq Y + i, 
+A, Y +  j,1 Irupdoo|=
Ghqlwlrq ; D ixqfwlrq Y = aO $ U lv vdlg wr eh vwulfwo| prqrwrqlf li/ iru doo sdluv ri




  j lpsolhv Y + i,  +A,
Y +  j,1
Zlwk wklv qrwlrq ri prqrwrqlflw| lq plqg zh duh lq d srvlwlrq wr vwdwh rxu pdlq uhvxow1
D ixqfwlrq I = G $ U lv vdlg wr uhsuhvhqw wkh elqdu| uhodwlrq ? rq G li/ iru doo |> } 5 G>
| ? } / I +|,  I +}, =Pruhryhu/ li G lv d pl{wxuh vsdfh/ I lv vdlg wr eh pl{wxuh frqwlqxrxv
li I +| . +4 , }, lv frqwlqxrxv lq  iru doo |> } 5 G=
Wkhruhp 4 Ohw ? dqg a? eh elqdu| uhodwlrqv rq K dqg aO/ uhvshfwlyho|/ vdwlvi|lqj vwdwh0
suhihuhqfh ryhuods1 Wkhq wkh iroorzlqj frqglwlrqv duh htxlydohqw=
+l, Wkh elqdu| uhodwlrqv ? dqg a? vdwlvi|/ zhdn0rughu/ Dufklphghdq/ lqwud0vwdwh prqrwrqlf0
lw| iru dfwv/ ruglqdo dfw lqghshqghqfh/ lqwhu0vwdwh prqrwrqlflw| dqg frqfrugdqfh1
+ll, Wkhuh h{lvwv d xqltxh suredelolw| phdvxuh  rq V vxfk wkdw r @ 3 li dqg rqo| li v lv
reylrxvo| qxoo dqg d pl{wxuh frqwlqxrxv/ vwulfwo| prqrwrqlf ixqfwlrq Y = aO $ U vxfk
wkdw=
+d, Y uhsuhvhqwv a?
+e, Iru doo i> j 5 K/ i ? j / Y +  i,  Y +  j, =
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D vshfldo fdvh ri rxu wkhru| ri txdqwldeoh eholhiv lv rewdlqhg li wkh suhihuhqfh uhodwlrqv ?
dqg a? vdwlvi| wkh lqghshqghqfh d{lrp ri h{shfwhg xwlolw| wkhru|1 Irupdoo|/
+D1:, +Lqghshqghqfh, Iru doo i> j> k 5 K/ > >  5P> dqg  5 +3> 4`>
+l, i ? j / i . +4 ,k ? j . +4 ,k=
+ll,   i a?  j / +  i, . +4 , +  k, a? + j, . +4 , +  k,=
Vxssrvh wkdw wkh suhihuhqfh uhodwlrq a? vdwlvhv zhdn0rughu/ Dufklphghdq/ dqg lqghshq0
ghqfh wkhq/ e| wkh yrq Qhxpdqq0Prujhqvwhuq wkhruhp/ wkh xwlolw| uhsuhvhqwdwlrq ri a? lv
d!qh dqg wkxv wkhuh h{lvwv d xwlolw| ixqfwlrq x = F $ U vxfk wkdw










x +v> {,rjr +{, =
Pruhryhu/ lw lv hdv| wr yhuli| wkdw wkh lqghshqghqfh d{lrp lpsolhv lqwud0vwdwh prqrwrqlflw|
iru dfwv +D16,/ lqwhu0vwdwh prqrwrqlflw| +D18, dqg/ wrjhwkhu zlwk frqfrugdqfh/ lw dovr lpsolhv
ruglqdo dfw lqghshqghqfh +D17,1
Ohw i dqg j eh wzr dfwv wkdw djuhh rxwvlgh d vwdwh v +l1h1/ i| @ j| iru doo w 5 Vivj=, Wkhq/
e| Ohppd 8 dqg lqghshqghqfh +zklfk lpsolhv pl{wxuh prqrwrqlflw|, li/ iru vrph  5 P
vxfk wkdw r A 3> dqg reylrxvo| qrqqxoo v 5 V>
 i a?  j / i ? j
wkhq/ e| wkh h{shfwhg xwlolw| uhsuhvhqwdwlrq/ iru doo  5P vxfk wkdw r A 3/[
%Mfr
x +v> {, rir +{, 
[
%Mfr
x +v> {, rjr +{,,
[
%Mfr
x +v> {, ir +{, 
[
%Mfr
x +v> {, jr +{, =
Iru reylrxvo| qrqqxoo vwdwhv wkh uhyhuvh lpsolfdwlrq dovr krogv1 Vlqfh   i dqg   j djuhh
rxwvlgh v wklv lpsolhv wkdw/
  i a?   j , i ? j
dqg iru reylrxvo| qrqqxoo v 5 V
  i a?   j / i ? j1
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Exw wkh odvw wzr frqglwlrqv duh htxlydohqw wr wkh d{lrp ri vwurqj frqfrugdqfh lqwurgxfhg e|
Nduql dqg Vfkphlgohu +4<;4,1 Frqvhtxhqwo|/ dvvxplqj lqghshqghqfh/ rxu pdlq uhvxow lpsolhv
wkh wkhru| ri Nduql dqg Vfkphlgohu +4<;4, dv d vshfldo fdvh1 Irupdoo|/
Wkhruhp 5 +Nduql dqg Vfkphlgohu +4<;4,1, Ohw ? dqg a? eh elqdu| uhodwlrqv rq K
dqg aO> uhvshfwlyho|/ wkdw vdwlvi| vwdwh0suhihuhqfh ryhuods1 Wkhq wkh iroorzlqj frqglwlrqv duh
htxlydohqw=
+ l, Hdfk ri wkh suhihuhqfh uhodwlrqv ? dqg a? vdwlvi| +D14,/ +D15,/ +D1:, dqg mrlqwo| wkh|
vdwlvi| +D19,1
+ ll, Wkhuh h{lvwv d uhdo0ydoxhg ixqfwlrq x rq i+v> {, m v 5 V/ { 5 [rj dqg d suredelolw|
phdvxuh  5P vxfk wkdw/ iru doo i> j 5 K












x +v> {, jr +{,
dqg/ iru doo  i /   j 5 aO










x +v> {,rjr +{, =
Pruhryhu/ +d,  lv xqltxh dqg  +v, @ 3 li dqg rqo| li lv reylrxvo| qxoo/ dqg +e, x lv
xqltxh xs wr fduglqdo xqlw0frpsdudeoh wudqvirupdwlrq1
Li zh dvvxph/ lq dgglwlrq/ wkdw ? dqg a? vdwlvi| vwdwh0lqghshqghqfh wkhq zh jhw d yhuvlrq
ri wkh wkhru| ri Dqvfrpeh dqg Dxpdqq +4<96,1 Vshflfdoo|/ ohw [r @ [ iru doo v 5 V/ dqg
dvvxph=
+D1;, +Vwdwh0lqghshqghqfh, Iru doo k 5 K/  5P dqg s> t 5 O>
+l, Li iru vrph reylrxvo| qrqqxoo vwdwh v 5 V> +k3r> s, ? +k3r> t, wkhq +k3|> s, ?
+k3|> t, iru hyhu| w 5 V=
+ll, Li iru vrph v 5 V vxfk wkdw r A 3>   +k
3r> s, a?   +k3r> t, wkhq   +k3|> s,
a?   +k3|> t, iru hyhu| vwdwh w 5 V=
Fohduo|/ wkh NV wkhruhp lpsolhv d vxemhfwlyh h{shfwhg xwlolw| uhsuhvhqwdwlrqv1 Vshflfdoo|/
wkh iroorzlqj iroorzv gluhfwo| iurp wkh suhfhglqj wkhruhp1
4:
Fruroodu| 4 Ohw ? dqg a? eh elqdu| uhodwlrqv rq K dqg aO1 Vxssrvh wkdw [r @ [ iru hdfk
v 5 V dqg " lv qrq0hpsw|144 Wkhq wkh iroorzlqj frqglwlrqv duh htxlydohqw=
+ l, Hdfk ri wkh suhihuhqfh uhodwlrqv ? dqg a? vdwlvi| +D14,/ +D15,/ +D1:,/ +D1;, dqg mrlqwo|
wkh| vdwlvi| +D19,1
+ ll, Wkhuh h{lvwv d uhdo0ydoxhg ixqfwlrq x rq [/ d suredelolw| phdvxuh  5 P / dqg e 5 U7n
vxfk wkdw/ iru doo i> j 5 K












erx +{, jr +{,
dqg/ iru doo  i /   j 5 aO










erx +{, rjr +{, =
Pruhryhu/ +d,  lv xqltxh dqg  +v, @ 3 li dqg rqo| li lv reylrxvo| qxoo/ dqg +e, x lv
xqltxh xs wr srvlwlyh olqhdu wudqvirupdwlrq dqg e lv xqltxh1
Qrwlfh wkdw wklv uhsuhvhqwdwlrq glhuv iurp wkdw ri Dqvfrpeh dqg Dxpdqq +4<96, lq wkdw
wkh hydoxdwlrq ri rxwfrphv/ exw qrw wkh udqnlqj ri urxohwwh orwwhulhv/ pd| ydu| dfurvv vwdwhv1





> iru doo v 5 V













x +{, jr +{, =
Wkxv/ h{fhsw iru wkh fdvh lq zklfk er @ e iru doo v> wkh DD vxemhfwlyh suredelolwlhv plvuhsuh0
vhqwv wkh ghflvlrq0pdnhuv* eholhiv zkhuhdv txdqwldeoh eholhiv wkhru|/ vlqfh lw lpsolhv wkh NV
prgho/ lghqwlhv wkh fruuhfw suredelolw| uhsuhvhqwdwlrq ri eholhiv145
44 Qrwlfh wkdw wkh k|srwkhvlv ri wkh wkhruhp lpsolhv +D13,1
45 D pruh hoderudwh glvfxvvlrq ri wklv srlqw dv zhoo dv wkh phwkrgrorjlfdo lvvxhv lw udlvhv lv surylghg lq
Nduql dqg Prqjlq +5333,1
4;
#  $ 
Dv douhdg| qrwhg/ wkh PV ghqlwlrq ri suredelolvwlf vrsklvwlfdwlrq hqwdlov wzr lpsolflw dv0
vxpswlrqv/ qdpho|/ uhgxfwlrq ri frpsrxqg orwwhulhv dqg vwdwh0lqghshqghqfh1 Zh vkrz qh{w
wkdw/ xqghu wkhvh dgglwlrqdo dvvxpswlrqv/ wkh wkhru| ri txdqwldeoh eholhiv lpsolhv d yhuvlrq
ri PV suredelolvwlf vrsklvwlfdwlrq1 Ixuwkhupruh/ dv lv wkh fdvh ri wkh NV yhuvxv wkh DD
ghqlwlrq ri vxemhfwlyh suredelolwlhv/ li wkh wkhru| ri txdqwldeoh eholhiv dqg wkh wkhru| ri
suredelolvwlf vrsklvwlfdwlrq |lhog glyhuvh vxemhfwlyh suredelolwlhv wkhq wkh qrwlrq ri vxemhfwlyh
suredelolwlhv fruuhvsrqglqj wr txdqwldeoh eholhiv lv d fruuhfw uhsuhvhqwdwlrq ri wkh ghflvlrq0
pdnhuv* eholhiv zkloh wkdw ri suredelolvwlf vrsklvwlfdwlrq lv qrw1 Lq rwkhu zrugv/ vxssrvh zh
vwduw zlwk d jlyhq suredelolw| glvwulexwlrq ryhu wkh vhw ri vwdwhv wkdw zh nqrz uhsuhvhqw wkh
ghflvlrq0pdnhu*v eholhiv dqg rq wkh edvlv ri wkhvh suredelolwlhv lqgxfh d suhihuhqfh uhodwlrq rq
dfwv wkdw vdwlvhv wkh uhtxluhphqwv ri suredelolvwlf vrsklvwlfdwlrq1 Zkhuhdv wkh suredelolwlhv
wkdw jxuh lq wkh wkhru| ri txdqwldeoh eholhiv duh wkrvh wkdw uhsuhvhqw wkh ghflvlrq0pdnhu*v
eholhiv/ wklv lv qrw qhfhvvdulo| wuxh ri wkh suredelolwlhv wkdw jxuh lq wkh PV prgho1 D vshflf
h{dpsoh lq jlyhq ehorz1
Pdfklqd dqg Vfkphlgohu +4<<8, hpehg wkhlu wkhru| lq wkh dqdo|wlfdo iudphzrun ri DD146
Wkh| srvwxodwh d suhihuhqfh uhodwlrq rq wkh vhw ri dfwv/ K> dqg dvvxph wkdw/ iru doo v 5 V>
[r @ [/ Or @ O/ dqg wkdw [ frqwdlqv d ehvw dqg zruvw rxwfrphv/ ghqrwhg e| P dqg 3/
uhvshfwlyho|147 Zh dvvxph/ wkhuhiruh/ wkdw wkhvh uhvwulfwlrqv krog lq rxu prgho1
Zh revhuyh wkdw Ohppd 4 lpsolhv wkdw lqwud0vwdwh prqrwrqlflw| dqg ruglqdo dfw lqghshq0
ghqfh lpso| PV d{lrp 8 zklfk wkh| uhihu wr dv Iluvw0Rughu Vwrfkdvwlf Grplqdqfh Suhihuhqfh1
Wr frqirup zlwk wkh PV ghqlwlrq ri suredelolvwlf vrsklvwlfdwlrq/ zh dvvxph d cvwdwh0
lqghshqghqw uhgxfwlrq ri frpsrxqg orwwhulhv* surshuw|1 Wr idflolwdwh wkh h{srvlwlrq zh lq0
wurgxfh wkh iroorzlqj dgglwlrqdo qrwdwlrqv= +l, iru hdfk { 5 [/ ohw { dovr ghqrwh wkh frqvwdqw
dfw i / iru zklfk ir @ 
% iru doo v 5 V> +ll, iru hdfk i 5 aO ghqrwh e| + i,
6
lwv pdujlqdo




rM7 rir +{, =, Zh vkdoo dovr lq0
wurgxfh d uvw0rughu vwrfkdvwlf grplqdqfh sduwldo rughulqj iru glvwulexwlrqv rq [ zkhuh wkh
grplqdqfh lv zlwk uhvshfw wr wkh uhvwulfwlrq ri ? wr frqvwdqw dfwv wkdw |lhog d ghjhqhudwh
urxohwwh orwwhu|1
46 Wkh PV prgho grhv qrw uhtxluh wkh vwdwh0vsdfh wr eh qlwh1 Rxu wuhdwphqw/ krzhyhu/ lv frqqhg wr wkh
fdvh ri d qlwh vwdwh vsdfh1
47 Wr eh h{dfw/ Pdfklqd dqg Vfkphlgohu ghqh d suhihuhqfh uhodwlrq rq d vhw wkdw lqfoxghv sxuh urxohwwh/
sxuh kruvh orwwhulhv/ dqg kruvh2urxohwwh orwwhulhv1 Krzhyhu/ sxuh urxohwwh orwwhulhv duh frqvwdqw dfwv zlwk qrq0
ghjhqhudwh urxohwwh orwwhulhv dv rxwfrphv/ sxuh kruvh orwwhulhv duh dfwv zlwk ghjhqhudwh orwwhulhv dv rxwfrphv/
erwk ri wkhvh duh vshflf fdvhv ri kruvh2urxohwwh orwwhulhv/ zklfk duh dfwv lq rxu whuplqrorj|1
4<
Ghqlwlrq < Iru dq| sdlu ri lqwhulp0vwdwh orwwhulhv  i dqg   j 5 aO/ + i,
6
lv vdlg


















+|, iru doo { 5 [1
Ixuwkhupruh/ + i,
6









, li/ lq dgglwlrq/ vwulfw lqhtxdolw| krogv iru vrph { 5 [1
Lq rxu iudphzrun/ wkh PV qrwlrq ri suredelolvwlf vrsklvwlfdwlrq uhtxluhv/ lq dgglwlrq/ wkh
iroorzlqj=










lpsolhv  i a? +a",
 j1
Wkh qh{w ohppd vkrzv wkdw +D1<, lpsolhv erwk lqwud0vwdwh prqrwrqlflw| dqg lqwhu0vwdwh
prqrwrqlflw| krog iru a?1
Ohppd 9 Vxssrvh wkdw ? dqg a? mrlqwo| vdwlvi| +D17, dqg +D1<,1 Wkhq/ a? vdwlvhv +D16,
dqg +D18,1
Fohduo|/ +D1<, lv qrw lpsolhg e| wkh wkhru| ri txdqwldeoh eholhiv1 Krzhyhu/ li zh lpsrvh
+D1<, dv dq dgglwlrqdo frqglwlrq wkhq wkh wkhru| ri txdqwldeoh eholhiv lpsolhv PV d{lrp 9
dqg khqfh suredelolvwlf vrsklvwlfdwlrq1
Il{ d sduwlwlrq iH> ===> H?j ri V dqg vxssrvh wkdw iru vrph  5 ^3> 4` dqg d sdlu ri hyhqwv/






f rq H&> n 9@ l> m
6::::::8 
59999997
 . +4 , f rq H
 . +4 , f rq H
f rq H&> n 9@ l> m
6::::::8  k
= +4,
48 Wklv lv/ lq rxu qrwdwlrqv/ wkh frqglwlrq lq wkh k|srwkhvlv ri Pdfklqd dqg Vfkphlgohu +4<<8, d{lrp 91
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E| Wkhruhp 4 +4, lv htxlydohqw wr wkh iroorzlqj frqglwlrq=




f rq H&> n 9@ l> m
6::::::8 a  
59999997
 . +4 , f rq H
 . +4 , f rq H
f rq H&> n 9@ l> m











@ ^P>+ +H, .  +H,,> 3> +4 + +H, .  +H,,` =
Khqfh/   ka   k dqg +D1<, lpso| wkdw
 @
 +H,
 +H, .  +H,
=
Wkdw lv/ +  k,
6
@ +  k,
6
1
Qh{w frqvlghu wkh lqwhulp0vwdwh orwwhulhv




u& rq H&> n 9@ l> m
6::::::8 dqg   j   
59999997
s. +4 , t rq H
s. +4 , t rq H
u& rq H&> n 9@ l> m
6::::::8 =
Revhuyh wkdw iru doo { 5 [
+  i,
6
+{, @  +H, s +{, .  +H, t +{, .
[
& 'c




+{, @ + +H, .  +H,,+s +{, . +4 , t +{,, .
[
& 'c
 +H&, u& +{, =
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u& rq H&> n 9@ l> m
6::::::8 a  
59999997
s. +4 , t rq H
s. +4 , t rq H
u& rq H&> n 9@ l> m
6::::::8 =
Exw/ e| Wkhruhp 4 dqg frqfrugdqfh/ wkh odvw vwdwhphqw lv htxlydohqw wr59999997
s rq H
t rq H
u& rq H&> n 9@ l> m
6::::::8 
59999997
s. +4 , t rq H
s. +4 , t rq H
u& rq H&> n 9@ l> m
6::::::8 = +5,
Zh vkrzhg wkdw +4, lpsolhv +5, zklfk lv wkh Kruvh2Urxohwwh Uhsodfhphqw D{lrp/ d{lrp 9/
ri PV1
Zh pd| qrz vwdwh wkh iroorzlqj uhvxow=
Wkhruhp 6 Ohw ? dqg a? eh elqdu| uhodwlrqv rq K dqg aO1 Vxssrvh wkdw [r @ [ iru hdfk
v 5 V/ " lv qrq0hpsw| dqg wkhuh h{lvwv d ehvw dqg zruvw rxwfrph1 Wkhq wkh iroorzlqj
frqglwlrqv duh htxlydohqw=
+ l, Erwk suhihuhqfh uhodwlrqv ? dqg a? vdwlvi| +D14, dqg +D15,1 Ixuwkhupruh/ ? vdwlvhv
+D16,/ a? vdwlvhv +D1<, dqg mrlqwo| wkh| vdwlvi| +D17, dqg +D19,1
+ ll, Wkhuh h{lvwv d uhdo0ydoxhg ixqfwlrq Y = O$ U dqg d suredelolw| phdvxuh  5P /










dqg/ iru doo  i /   j 5 aO











Pruhryhu/  lv xqltxh dqg  +v, @ 3 li dqg rqo| li lv reylrxvo| qxoo1
Wkh wkhru| ri suredelolvwlfdoo| vrsklvwlfdwhg fkrlfh lv d vshfldo fdvh ri txdqwldeoh eholhiv
wkhru|1 Krzhyhu/ wkhuh duh lqvwdqfhv lq zklfk/ dqdorjrxvo| wr wkh frq lfw ehwzhhq wkh NV dqg
55
wkh DD ghqlwlrqv ri vxemhfwlyh suredelolwlhv/ wkh wzr wkhrulhv djuhh rq wkh suhihuhqfhv ryhu
dfwv dqg |hw |lhog glhuhqw suredelolwlhv phdvxuhv rq vhw ri vwdwhv1 Wklv lv gxh wr wkh idfw wkdw
wkh vwdwh0lqghshqghqfh d{lrp +D1<, lv dq lqkhuhqw surshuw| ri suredelolvwlf vrsklvwlfdwlrq
exw lv qrw qhfhvvdulo| d surshuw| ri txdqwldeoh eholhiv wkhru|1 Vxssrvh wkdw wkhuh duh  i
dqg   j lq aO vxfk wkdw + i,
6
@ +  j,
6
dqg |hw   i a"   j= Vlqfh wkh wkhru| ri
suredelolvwlfdoo| vrsklvwlfdwhg fkrlfh grhv qrw vhh a" dqg lv qrw frqfhuqhg zlwk wklv dx{loldu|
suhihuhqfh uhodwlrq/ lw irufhv wkh vxemhfwlyh suredelolwlhv wr eh frqvlvwhqw zlwk +D1<, hyhq
wkrxjk wkhvh suredelolwlhv lpso|  i a j1 Khqfh/ wkh qrwlrq ri vxemhfwlyh suredelolwlhv
fruuhvsrqglqj wr suredelolvwlfdoo| vrsklvwlfdwhg fkrlfh pd| plvuhsuhvhqw wkh ghflvlrq0pdnhu*v
eholhiv1 Uhfdoo wkdw wkh DD wkhru| lv d vshfldo fdvh ri suredelolvwlf vrsklvwlfdwlrq dqg wkh
NV wkhru| lv d vshflf fdvh ri txdqwldeoh eholhiv1 Iru h{shfwhg xwlolw| wkhru| wklv srlqw lv
pdgh dw wkh hqg ri wkh suhfhglqj vxevhfwlrq1 Wkh iroorzlqj h{dpsoh vkrzv wkdw wkh sureohp
lv qrw frqqhg wr vxemhfwlyh h{shfwhg xwlolw| wkhru|1
H{dpsoh 4 Ohw V @ i4> 5j/ [ @ [2 @ ^3> 5` dqg frqvlghu d ghflvlrq0pdnhu zkr eholhyhv
wkdw wkh wzr vwdwhv duh htxdoo| olnho| wr rffxu1 Vxssrvh ixuwkhu wkdw klv suhihuhqfhv ryhu
aO lv uhsuhvhqwhg e| d zhljkwhg xwlolw| ixqfwlrqdo zlwk vwdwh0lqghshqghqw xwlolw| ixqfwlrq
x +v> {, @ x +{, @ { dqg vwdwh0ghshqghqw zhljkw ixqfwlrq az +v> {, @ e +v,z +{,/ zkhuh e +v, @
v/ z +{, @ 4@ +4 . {, = Ohw i dqg j eh sxuh kruvh orwwhulhv jlyhq e|= i +4, @ 4/ i +5, @ 4/
j +4, @ 3 dqg j +5, @ 51 Wkhq/ jlyhq wkh ghflvlrq0pdnhu*v eholhiv  @ 2 @ 4@5/ e| zhljkwhg
xwlolw| wkhru|/49 zh kdyh
i ? j /

2
x +i +4,,z +i +4,, . 
2
x +i +5,, 5z +i +5,,







x +j +4,,z +j +4,, . 
2
x +j +5,, 5z +j +5,,





Wkh PV ghqlwlrq ri vxemhfwlyh suredelolwlhv zloo phujh wkh zhljkw frh!flhqwv e +v,
zlwk wkh dfwxdo suredelolwlhv wr rewdlq wkh suredelolwlhv  @ 4@6 dqg 2 @ 5@61 Pruhryhu/


















Dsso|lqj wkh zhljkwhg xwlolw| uhsuhvhqwdwlrq/ zh rewdlq=
i ? j /























Wkxv wkh PV ghqlwlrq ri vxemhfwlyh suredelolwlhv lv frqvlvwhqw zlwk wkh ghflvlrq0pdnhu*v
fkrlfh ehkdylru exw lw lv dw yduldqfh zlwk klv eholhiv1
49 Vhh Fkhz +4<;6,1
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Qh{w zh vkrz wkdw/ lq wklv fdvh/ wkh PV ghqlwlrq ri vxemhfwlyh suredelolwlhv ylrodwhv
wkh txdqwldeoh eholhiv prgho1 Vxssrvh/ e| zd| ri qhjdwlrq/ wkdw wkh PV ghqlwlrq ri
vxemhfwlyh suredelolwlhv lv frqvlvwhqw zlwk wkh ghqlwlrq ri suredelolwlhv dffruglqj wr wkh
wkhru| ri txdqwldeoh eholhiv1 Revhuyh wkdw/ jlyhq wkh PV vxemhfwlyh suredelolwlhv/ wkh prgho














x +3,z +3, . 2













Dv vwdwhg lq wkh lqwurgxfwlrq/ wkh iudphzrun ri lqwhulp0vwdwh orwwhulhv fdq dffrpprgdwh
uhfxuvlylw| lq wkh ghflvlrq0pdnlqj surfhvv1 Wkh lghd lv wkh iroorzlqj= li d ghflvlrq pdnhu
zkr/ zhuh kh vxuh wkdw d sduwlfxodu vwdwh v zhuh jrlqj wr rewdlq/ zrxog vwulfwo| suhihu wr
kdyh wkh urxohwwh orwwhu| s lq wkdw vwdwh wr wkh urxohwwh orwwhu| t/ wkhq kh vkrxog suhihu dq|
dfw +uhvshfwlyho|/ dq| lqwhulp0vwdwh orwwhu|, wkdw |lhogv wkh urxohwwh orwwhu| s lq vwdwh v ryhu
dqrwkhu dfw +uhvshfwlyho|/ lqwhulp0vwdwh orwwhu|, wkdw lv lghqwlfdo wr wkh uvw dfw +uhvshfwlyho|/
lqwhulp0vwdwh orwwhu|, hyhu|zkhuh rxwvlgh ri vwdwh v/ exw |lhogv wkh urxohwwh orwwhu| t lq vwdwh
v1 Iru wkh sduwlfxodu fdvh lq zklfk s Ar t/ wklv irup ri uhfxuvlylw| lv douhdg| lpsolhg
e| lqwud0vwdwh prqrwrqlflw|/ ruglqdo dfw lqghshqghqfh dqg wudqvlwlylw| +vhh Ohppd 4,1 Iru
uhfxuvlyh suhihuhqfhv zh h{whqg lw wr krog iru dq| sdlu ri orwwhulhv e| vwuhqjwkhqlqj ruglqdo
dfw lqghshqghqfh wr krog iru qrq0ghjhqhudwh dv zhoo dv ghjhqhudwh urxohwwh orwwhulhv1
+D143, +Orwwhu| Ruglqdo Dfw Lqghshqghqfh, Iru dq| reylrxvo| qrqqxoo vwdwh v 5 V/
dq| sdlu ri urxohwwh orwwhulhv s> t 5 Or/ dq| sdlu ri dfwv i> j 5 K dqg dq| suredelolw| phdvxuh
 5P / vxfk wkdw r A 3=  +i
3r> s, a?  +i3r> t, li dqg rqo| li +j3r> s, ? +j3r> t,1
Li d ixqfwlrq ghqhg ryhu wkh vhw ri lqwhulp0vwdwh orwwhulhv lv wr lqgxfh d suhihuhqfh uhodwlrq
wkdw vdwlvhv +D143, wkhq lw pxvw eh d phpehu ri wkh iroorzlqj fodvv ri ixqfwlrqv1
Ghqlwlrq 43 D ixqfwlrq Y = aO $ U lv vdlg wr eh uhfxuvlyh li iru dq| dfw i 5 K/ dq|
vwdwh v 5 V/ dq| suredelolw| phdvxuh  5 P / zlwk r A 3/ dqg dq| sdlu ri urxohwwh orwwhulhv



























Wkh iroorzlqj fruroodu| wr rxu pdlq uhsuhvhqwdwlrq Wkhruhp 4 vwdwhv wkdw vwuhqjwkhq0
lqj +D17, wr +D143, surylghv d fkdudfwhul}dwlrq ri suhihuhqfhv wkdw fdq eh uhsuhvhqwhg e|
txdqwldeoh eholhiv dqg d uhfxuvlyh suhihuhqfh ixqfwlrqdo1
Fruroodu| 5 Ohw ? dqg a? eh elqdu| uhodwlrqv rq K dqg aO> uhvshfwlyho|1 Jlyhq ? dqg a?
vdwlvi| vwdwh0suhihuhqfh ryhuods wkhq wkh iroorzlqj frqglwlrqv duh htxlydohqw=
+l, Wkh elqdu| uhodwlrqv ? dqg a? vdwlvi|/ zhdn0rughu/ Dufklphghdq/ lqwud0vwdwh prqrwrqlf0
lw|/ orwwhu| ruglqdo dfw lqghshqghqfh/ lqwhu0vwdwh prqrwrqlflw| dqg frqfrugdqfh1
+ll, Wkhuh h{lvwv d xqltxh suredelolw| phdvxuh  rq V vxfk wkdw r @ 3 li dqg rqo| li v lv
reylrxvo| qxoo dqg d pl{wxuh frqwlqxrxv/ vwulfwo| prqrwrqlf dqg uhfxuvlyh ixqfwlrq
Y = aO$ U vxfk wkdw=
+d, Y uhsuhvhqwv a?1
+e, Iru doo i> j 5 K>
i ? j / Y +  i,  Y +  j, 1
Lq wkh qh{w vxevhfwlrq zh surylgh dq h{dpsoh ri d uhfxuvlyh ixqfwlrq wkdw jhqhudwhv d suhi0
huhqfh uhodwlrq ryhu lqwhulp0vwdwh orwwhulhv wkdw lv frqvlvwhqw zlwk d suhihuhqfh uhodwlrq ryhu
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
Hoovehuj +4<94, surylghg wkh iroorzlqj wkrxjkw h{shulphqw wr vxssruw klv wkhvlv wkdw vxe0
mhfwlyh eholhiv qhhg qrw dozd|v eh ctxdqwldeoh* e| d suredelolw| phdvxuh1 Dq xuq frqwdlqv
<3 edoov/ ri zklfk 63 duh nqrzq wr eh uhg1 Wkh rwkhu 93 duh hlwkhu eodfn ru zklwh/ exw wkh
ghflvlrq pdnhu grhv qrw nqrz suhflvho| wkh qxpehuv ri hdfk1 Rqh edoo zloo eh gudzq iurp
wklv xuq1 Frqvlghu wkh iroorzlqj irxu ehwv1
E Zlq li wkh edoo gudzq lv uhg/ rwkhuzlvh orvh1
E2 Zlq li wkh edoo gudzq lv eodfn/ rwkhuzlvh orvh1
E

 Zlq li wkh edoo gudzq lv uhg ru zklwh/ rwkhuzlvh orvh1
E

2 Zlq li wkh edoo gudzq lv eodfn ru zklwh/ rwkhuzlvh orvh1
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Hoovehuj suhglfwhg wkdw prvw shrsoh zrxog suhihu wkh ehw E wr wkh ehw E2/ exw zrxog
dovr suhihu wkh ehw E2 wr wkh ehw E

1 Dowkrxjk Hoovehuj glg qrw uxq dq| irupdo h{shulphqwv
klpvhoi/ d qxpehu ri sdshuv uhsruw wkdw klv suhglfwlrqv kdyh ehhq eruqh rxw14:
D qxpehu ri uhvhdufkhuv/ lqfoxglqj/ dprqj rwkhuv/ Jdughqiruv dqg Vdkolq +4<;5/ 4<;6,
dqg Vhjdo +4<;:/ 4<<3, kdyh dujxhg wkdw wklv sureohp ri ghflvlrq pdnlqj xqghu xqfhuwdlqw|
lv ehvw uhsuhvhqwhg dv d wzr0vwdjh surfhvv1 Lq wkh uvw vwdjh/ dq xuq zlwk dq xqnqrzq
glvwulexwlrq ri edoov lv vhohfwhg dqg lq wkh vhfrqg vwdjh d edoo lv gudzq iurp wklv xuq1 Wkxv
jlyhq wkh lqirupdwlrq deryh/ wkh vwdwh0vsdfh fdq eh wdnhq wr frqvlvw ri vl{w|0rqh hohphqwv=
rqh iru hdfk srvvleoh glvwulexwlrq ri edoov wkdw wkh xuq frxog frqfhlydeo| kdyh1 Wkdw lv/ iru
hdfk v 5 i3> 4> = = = > 93j/ v 5 V lv wkh vwdwh wkdw fruuhvsrqgv wr wkh xuq frqwdlqlqj 63 uhg edoov/
v eodfn edoov dqg 93 v zklwh edoov14; Wkh vhw ri +vwdwh0lqghshqghqw, rxwfrphv lv vlpso| wkh
vhw [ =@ izlq/ orvhj1 Lq wklv iudphzrun/ wkh ehwv E dqg E

2 fruuhvsrqg wr wkh cfrqvwdqw*
dfwv/ i dqg j lq zklfk ir +zlq, @ 4@6 dqg j

r
+zlq, @ 5@6/ iru hyhu| v 5 V1 Wkh ehwv E2
dqg E rq wkh rwkhu kdqg fruuhvsrqg wr wkh qrq0frqvwdqw dfwv/ j dqg i
 lq zklfk jr +zlq,
@ v@<3 dqg i r +zlq, @ +<3 v, @<3 iru hdfk v 5 V1
Hoovehuj*v suhglfwhg fkrlfhv iru wkh wzr sureohpv duh lqfrqvlvwhqw zlwk d sdlu ri suhihuhqfh
uhodwlrqv ryhu dfwv dqg lqwhulp0vwdwh orwwhulhv wkdw vdwlvi| rxu wkhruhp dqg dovr uhvshfw wkh
uhgxfwlrq surshuw| hperglhg lq wkh PV vwdwh0lqghshqghqfh d{lrp +D1<,1 Wr vhh wklv/ qrwlfh
wkdw li  zhuh wkh suredelolw| glvwulexwlrq ryhu V wkdw txdqwlhg wkh ghflvlrq0pdnhu*v





































4: Vhh Fdphuhu +4<<8/ s1 979, iru uhihuhqfhv dqg glvfxvvlrq ri wkh olwhudwxuh rq h{shulphqwdo whvwv ri
cdpeljxlw| dyhuvlrq*1
4; Jlyhq wkh doprvw xqlyhuvdo dffodpdwlrq wkdw 2fff lv wkh uvw |hdu ri wkh qhz fhqwxu| dqg ri wkh qhz plo0
ohqlxp/ zh kdyh dffhghg wr srsxodu zloo dqg ghvljqdwhg r ' f dv wkh uvw ri rxu vl{w|0rqh vwdwh uhsuhvhqwdwlrq
ri wkh vxemhfwlyh xqfhuwdlqw| hperglhg lq wklv Hoovehuj wkrxjkw h{shulphqw1 Dv d ixuwkhu dvlgh/ zh vxjjhvw
wkdw wkh qhz fhqwxu| vkrxog eh ghvljqdwhg wkh wzhqwlhwk fhqwxu|/ wkhuhe| doorzlqj xv wr uhihu wr wkh 4<33v dv
wkh qlqhwhhqwk fhqwxu|/ wkh 4;33v dv wkh hljkwhhqwk fhqwxu|/ hw fhwhud1 Dq| frqixvlrq wkdw wklv pljkw fdxvh
iurp hduolhu zrunv ri suhylrxv fhqwxulhv wkdw odehohg fhqwxulhv e| wkh dufkdlf sudfwlfh ri wklqnlqj ri {{33v dv
wkh {{.4 fhqwxu|/ zh eholhyh lv zruwk ehdulqj jlyhq wkh hohjdqw v|pphwu| ri ehlqj deoh wr uhihu wr wkh hyhqwv
ri wkh 4733v dv kdylqj rffxuuhg gxulqj wkh irxuwhhqwk fhqwxu|1
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d frqwudglfwlrq1
Exw dv Vhjdo +4<;:, ghprqvwudwhv +e| phdqv ri dq h{dpsoh, d suhihuhqfh uhodwlrq ryhu wzr0
vwdjh orwwhulhv wkdw grhv qrw reh| wkh uhgxfwlrq surshuw| hperglhg lq +D1<, fdq udwlrqdol}h
fkrlfhv frqvlvwhqw zlwk Hoovehuj*v suhglfwlrq1
Iru h{dpsoh/ vxssrvh wkh suhihuhqfh uhodwlrq a? ryhu wkh vhw ri lqwhulp0vwdwh orwwhulhv aO
fdq eh uhsuhvhqwhg e| wkh udqn0ghshqghqw xwlolw| ixqfwlrqdo












.+k,Sf +zlq, > +6,
zkhuh wkh suredelolw| wudqvirupdwlrq ixqfwlrq/ j> lv jlyhq e|=
j +s, @
;AA?A=
s@5 li s 5 ^3> 4@5`
6s@5 4@5 li s 5 +4@5> 4`
>
dqg  = K $ K lv ghqhg e| +k,

@ k)E(/ zkhuh * +>k, = V $ V lv d shupxwdwlrq
vdwlvi|lqj k)E( +zlq,  k)En( +zlq, iru l @ 3> = = = > 8<1
Ixuwkhu vxssrvh/ wkdw ? fdq eh uhsuhvhqwhg e| wkh uhvwulfwlrq ri a? wr lqwhulp0vwdwh
orwwhulhv zkrvh pdujlqdo glvwulexwlrq ryhu wkh vwdwhv lv wkh xqlirup glvwulexwlrq1 Wkdw lv/
r @ 4@94 iru doo v 5 V1 Khqfh/ iru hyhu| sdlu k/ k
 5 K/ k ? k li dqg rqo| li Y +  k,
 Y +  k,1 Qrwlfh wkdw a? dqg ? frqirup wr wkh vshfldo fdvh fkdudfwhul}hg lq Fruroodu|
5 zklfk fdq eh uhsuhvhqwhg e| txdqwldeoh eholhiv dqg d uhfxuvlyh suhihuhqfh ixqfwlrqdo1
Pruhryhu/ zh kdyh
Y +  i, @
4
6










  i 

 3=8:4=
Dq dowhuqdwlyh dssurdfk wr uhvroylqj wkh Hoovehuj sdudgr{ lv suhvhqwhg lq Vfkphlgohu
+4<;<,1 Kh dovr dgrswv wkh Dqvfrpeh0Dxpdqq iudphzrun ri wzr0vwdjh kruvh2urxohwwh orwwhu|
dfwv1 Dv zh kdyh dujxhg deryh/ wklv pdnhv lqwxlwlyh vhqvh/ dv wkh uvw0vwdjh ri vxemhfwlyh
xqfhuwdlqw| pd| eh ylhzhg dv prgholqj wkh odfn ri lqirupdwlrq wkh ghflvlrq pdnhu kdv derxw
wkh suhflvh glvwulexwlrq ri edoov lq wkh xuq1 Vfkphlgohu pdlqwdlqv doo wkh d{lrpv ri Dqvfrpeh
dqg Dxpdqq +4<94, h{fhsw iru wkhlu lqghshqghqfh d{lrp zklfk kh uhtxluhv rqo| wr krog iru
wkrvh dfwv wkdw duh csdluzlvh fr0prqrwrqlf*1 Wkdw lv/ iru dq| wulsoh ri dfwv i> j dqg k/ li iru
hyhu| sdlu ri vwdwhv v dqg w/ +l, ir " i| lpsolhv jr ? j| dqg kr ? k|> dqg +ll, jr " j| lpsolhv
kr ? k|> wkhq i ? j lpsolhv i . +4 ,k ? j . +4 ,k/ iru doo  lq +3> 4,1 Wkh pdlq
5:
uhvxow ri klv sdshu lv wkdw wkhvh d{lrpv duh qhfhvvdu| dqg vx!flhqw iru vxfk d suhihuhqfh















. x + +k,Sf, >
zkhuh # = 57 $ ^3> 4`/ zlwk # +>, @ 3/ # +V, @ 4 dqg iru dooD>E  V/ D  E , # +D, 
# +E,1
D +qrupdol}hg, fdsdflw| # fdq eh ylhzhg dv d jhqhudol}dwlrq ri d suredelolw| phdvxuh wkdw
qhhg qrw vdwlvi| wkh surshuw| ri dgglwlylw| +wkdw lv/  +D ^E, @  +D, .  +E,  +D _E,,1
Lqghhg/ Vfkphlgohu dujxhv wkdw wkh frqfhsw ri cxqfhuwdlqw| dyhuvlrq* wkdw lv rhuhg dv d
srvvleoh h{sodqdwlrq iru wkh Hoovehuj sdudgr{ fdq eh irupdoo| fdswxuhg lq wkh FHX prgho
lq wkh Dqvfrpeh0Dxpdqq iudphzrun zlwk d fdsdflw| wkdw lv frqyh{/ qdpho|/ # +D ^E, 
# +D, . # +E,  # +D _E, +zlwk vwulfw lqhtxdolw| iru sdluv ri cdpeljxrxv hyhqwv*,1
Qrwlfh/ krzhyhu/ wkdw wkh ixqfwlrqdo ghqhg lq +6, pd| dovr eh ylhzhg dv d phpehu





H  V/ dqg vlqfh j +, lv frqyh{/ lw iroorzv wkdw # lv d frqyh{ fdsdflw|1 Wkh +h{shfwhg, xwlolw|
ixqfwlrq lv jlyhq e| x +kr, @ kr +zlq, iru hyhu| k 5 K dqg hyhu| v 5 V1 Wkxv/ lq dgglwlrq wr
uhlqiruflqj wkh lqvljkw ri Vhjdo +4<;:, wkdw Hoovehuj0w|sh ehkdylru fdq eh dffrpprgdwhg lq
d wzr0vwdjh orwwhu| iudphzrun lq zklfk uhgxfwlrq lv gursshg exw uhfxuvlylw| lv uhwdlqhg/ wkh
h{dpsoh deryh dovr vxjjhvwv wkdw rqfh zh glvshqvh zlwk uhgxfwlrq zh pd| vwloo kdyh fkrlfh
ehkdylru xqghu xqfhuwdlqw| wkdw dffrugv zlwk wkh suhglfwlrqv ri wkh vr0fdoohg qrq0dgglwlyh
eholhi prghov ri Fkrtxhw H{shfwhg Xwlolw| wkhru| ru Pd{plq H{shfwhg Xwlolw| exw zklfk




D1 Surri ri Ohppd 4= Il{ dq reylrxvo| qrqqxoo vwdwh v/ dqg dq| dfw i 1 Wkh ohppd
iroorzv lpphgldwho| iurp wkh iroorzlqj zhoo0nqrzq idfw= li s uvw rughu vwrfkdvwlfdoo| grp0
lqdwhv s wkhq wkhuh h{lvwv d qlwh vhtxhqfh ri urxohwwh orwwhulhv +s&,

&'/ iru zklfk s @ s/
s @ s
 dqg iru hyhu| n @ 4> = = = > Q  4/ wkhuh h{lvwv t& 5 Or/ {&> |& 5 [r dqg & 5 ^3> 4`/
vdwlvi|lqj/ {& a?r |&/ s& @ +4 &, t& . &
+& dqg s&n @ +4 &, t& . &
%& 1 Khqfh/ e|
lqwud0vwdwh prqrwrqlflw| dqg ruglqdo dfw lqghshqghqfh/ zh kdyh +i3r> s&, ? +i
3r> s&n, dqg
+i3r> s&, a? +i
3r> s&n, iru doo n @ 4> = = = > Q41 Wkh frqfoxvlrq iroorzv e| wudqvlwlylw|1

E1 Surri ri Ohppd 5= Vlqfh { " {/ e| ruglqdo dfw lqghshqghqfh lw iroorzv wkdw wkhuh
lv dw ohdvw rqh reylrxvo| qrqqxoo vwdwh1 Sduwlwlrq wkh vhw ri vwdwhv lqwr wzr vxevhwv/ H dqg
Q / zkhuh H lv wkh vhw ri reylrxvo| qrqqxoo vwdwhv dqg Q lv wkh vhw ri reylrxvo| qxoo vwdwhv1
E| vwdwh0suhihuhqfh ryhuods lw iroorzv wkdw wkhuh h{lvwv d vwdwh v 5 H vxfk wkdw
|  { a? r  { a" |  { a? r  { iru doo w 5 H1
Ruglqdo dfw lqghshqghqfh dqg vwdwh0suhihuhqfh ryhuods dovr lpso| wkdw iru dq|  5P / zlwk


































iru hyhu| reylrxvo| qxoo vwdwh w 5 Q 1
E| pl{wxuh vroydelolw| ri ?/ wkhuh h{lvwv d xqltxh vhw ri +q 4, qxpehuv +|,|M73tr wkdw










. +4 |,{1 +7,
5<
Qrwlfh wkdw iru dq| reylrxvo| qxoo vwdwh w 5 Q / | @ 41
Vlploduo|/ e| pl{wxuh vroydelolw| ri a?/ lw iroorzv wkdw iru hdfk  5 P / zlwk r A 3 wkhuh













. +4 a|, + {, 1 +8,
Rxu dlp lv wr vkrz wkdw wkhuh h{lvw  5 P iru zklfk +a|,|M73tr wkdw vdwlvi| +8, htxdo
+|,|M73tr wkdw vdwlvi| +7,1
Iluvw qrwlfh wkdw/ iru dq|  5 P zlwk r A 3/ | @ 3 li dqg rqo| li a| @ 41 Vr zh vkdoo
uhvwulfw rxu dwwhqwlrq wr suredelolw| glvwulexwlrqv  5P / iru zklfk | A 3 iru doo w 5 H dqg
| @ 3 iru doo w 5 Q 1 Ohw P ghqrwh wklv uhvwulfwlrq ri P 1
Iru hdfk  5P / vhw }| +, =@ a| +, | iru hdfk w 5 V  ivj/ dqg vhw





Vlqfh }| +, @ 3 iru hyhu| reylrxvo|0qxoo vwdwh w 5 Q / zh kdyh e| frqvwuxfwlrq
S
|M7 |}| +, @
31 Ghqh rq P wkh ixqfwlrq }n = P $ Un / e| }
n
|
+, @ pd{i}| +, > 3j1 Frqwlqxlw| ri










1 Zh kdyh  +, 5 +3> 4` iru doo  5P 1 Ghqh d frqwlqxrxv ixqfwlrq
j = P $ P / e| j +, @  +, +. }n +,,14< E| Eurxzhu*v {hg srlqw wkhruhp wkhuh lv d



















Qrwlfh wkdw iru dq| w/ li }| +
W, ? 3 wkhq }| +
W, }n
|
+W, @ 31 Khqfh +9, lpsolhv
}| +
W,  3 iru doo w 5 V= +:,
Vlqfh }| +
W, @ 3 iru doo w 5 Q / li +:, glg qrw krog zlwk htxdolw| iru doo w/ wkhq iru vrph w 5 H/




+9,1 Khqfh zh kdyh }| +













. +4 |, +
W  {, 1 +;,
4< Wkh frqvwuxfwlrq ri wkh ixqfwlrq }/ d frqwlqxrxv pdsslqj ri wkh vlpsoh{  lqwr lwvhoi gudzv khdylo| rq
wkh vhfwlrq lq Pdv0Frohoo/ Zklqvwrq ) Juhhq +4<<8/ ss1 8;90:, wkdw surylghv d surri ri wkh h{lvwhqfh ri d
jhqhudo htxloleulxp lq dq h{fkdqjh hfrqrp| iru zklfk djjuhjdwh h{fhvv ghpdqg lv d czhoo0ehkdyhg* ixqfwlrq
ri sulfhv1
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AIurp wkh frqvwuxfwlrq ri W lq wkh suhylrxv vwhs/ wkh ghqlwlrq ri wkh pl{wxuh rshudwlrq










%r . +4 , %r rq v
%| . +4 , %| rq w
{r rq v
 5 V  iv> wj
6::::::8 / |  1







rq v 5 V  iv> wj
6::::::8 ?
59999997
%r . +4 , %r rq v
%| . +4 , %| rq w
{
r
rq v 5 V  iv> wj
6::::::8 / |  1
Wkxv/ e| ghqlwlrq ri | +, dqg |> iru doo w 5 V  ivj> | @ | +
W, = 









iru doo > 5 ^3> 4` vxfk wkdw    + A ,/ wkh frqfoxvlrq iroorzv iru ? gluhfwo| iurp vwdwh
e| vwdwh uhshdwhg dssolfdwlrqv ri Ohppd 41 Wkh uhvxow iru a? iroorzv e| wkh vdph uhdvrqlqj




G1 Surri ri Ohppd 8= +E| lqgxfwlrq,1 Iurp Ohppdv 6 dqg 7/ lw iroorzv wkdw ? dqg
a? vdwlvi| pl{wxuh vroydelolw|1 E| frqfrugdqfh pl{wxuh prqrwrqlflw| dqg pl{wxuh vroydelolw|
wkh ohppd krogv iru dq| wzr0hohphqw hyhqw iv> wj/ w 5 V  ivj1 Vr dvvxph wkdw lw krogv iru
dq| hyhqw H wkdw frqvlvwv ri qr pruh wkdq n vwdwhv dqg ri zklfk wkh vwdwh v lv dq hohphqw1
E| wkh lqgxfwlrq dvvxpswlrq wkhuh h{lvwv d xqltxh  5 ^3> 4` vxfk wkdw
 i a 
599999999997
j| . +4 ,k| rq w 5 H  ivj




 @5 H ^ ievj
6::::::::::8
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li dqg rqo| li
i 
599999999997
j| . +4 ,k| rq w 5 H  ivj




 @5 H ^ ievj
6::::::::::8
1
E| wudqvlwlylw| +ri lqglhuhqfh,/ pl{wxuh vroydelolw| dqg frqfrugdqfh wkhuh h{lvwv d xqltxh
2 5 ^3> 4` vxfk wkdw
 i a 
599999999997
j| . +4 ,k| rq w 5 H  ivj
2jr . +4 2,kr rq v
2jer . +4 2,ker rq ev
i +v, rq v @5 H ^ ievj
6::::::::::8
li dqg rqo| li
i 
599999999997
j| . +4 ,k| rq w 5 H  ivj
2jr . +4 2,kr rq v
2jer . +4 2,ker rq ev
i +v, rq v @5 H ^ ievj
6::::::::::8
1
Li  @ 2 wkhq zh duh grqh1 Rwkhuzlvh vxssrvh/ zlwkrxw orvv ri jhqhudolw|/ wkdw 2 A 1
E| wudqvlwlylw| +ri lqglhuhqfh,/ wkh lqgxfwlrq dvvxpswlrq dqg pl{wxuh vroydelolw| wkhuh h{lvwv
 5 ^3> 4` vxfk wkdw
 i a 
599999999997
j| . +4 ,k| rq w 5 H  ivj
jr . +4 ,kr rq v
2jer . +4 2,ker rq ev
i +v, rq v @5 H ^ ievj
6::::::::::8
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li dqg rqo| li
i 
599999999997
j| . +4 ,k| rq w 5 H  ivj
jr . +4 ,kr rq v
2jer . +4 2,ker rq ev
i +v, rq v @5 H ^ ievj
6::::::::::8
Pl{wxuh prqrwrqlflw| lpsolhv  5 +> 2,1 Uhlwhudwlqj wklv surfhgxuh/ zh surgxfh wzr
vhtxhqfhv=  ?  ? = = = ? 2n ? = = = dqg 2 A e A = = = A 2 A = = = 1 Erwk vhtxhqfhv duh
erxqghg deryh e| 4 dqg ehorz e| 3/ dqg vr wkh uvw vhtxhqfh kdv d ohdvw xsshu erxqg/ e/
dqg wkh vhfrqg vhtxhqfh kdv d juhdwhvw orzhu erxqg/ e1 Ixuwkhupruh/ e| pl{wxuh vroydelolw|/
wkhuh lv d xqltxh  5 +3> 4, vxfk wkdw
i 
599999999997
j| . +4 ,k| rq w 5 H  ivj
jr . +4 ,kr rq v
j
er . +4 ,ker rq ev
i +v, rq v @5 H ^ ievj
6::::::::::8
1
Wudqvlwlylw| dqg wkh ghqlwlrq ri e dqg e lpso|  @ e @ e1 Wklv frpsohwhv wkh surri1 
H1 Surri ri Wkhruhp 4= +l, , +ll,1 Ghulylqj d uhsuhvhqwdwlrq ri a?153 Iru dq|




a" r  +{3r> |, ghqh wkh +rshq, rughu0lqwhuydo
L ++v> |, > +w> },, @
q









Il{ v 5 V1 Iru hdfk  i 5 L ++v> {r, > +v> {r,,/ e| pl{wxuh vroydelolw| wkhuh h{lvwv d xqltxh
qxpehu  + i, 5 +3> 4, vxfk wkdw
 i a  + i, +r  {, . +4  + i,, +r  {, =
Pruhryhu/ iru dq| rwkhu   j 5 L ++v> {
r
, > +v> {r,,/ e| pl{wxuh prqrwrqlflw|
 + i,   +  j,/  i a?  j1
53 Wkh iroorzlqj dujxphqw gudzv khdylo| rq dq dqdorjrxv uhvxow e| Judqw dqg Dwvxvkl Ndmll zklfk dsshduhg
lq Judqw +4<<8/ Surri ri Wkhruhp LL/ Vwhs 8/ ss1 4;:04;;,1
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Ghqh I = L ++v> {r, > +v> {r,,$ +4@7> 6@7, e| I + i, @  + i, @5 . 4@71
Wkh phwkrg ri surri lv wr vkrz wkdw wkh vhw
q
 i 5 aO =  i a" r  {
r
fdq eh fryhuhg
e| d frxqwdeoh xqlrq ri qhvwhg rughu0lqwhuydov dqg wkhq wr vkrz wkdw a? uhvwulfwhg wr wklv vhw
fdq eh uhsuhvhqwhg e| d ixqfwlrq zkrvh udqjh lv d vxevhw ri +6@7> 4`1 D vlplodu dujxphqw fdq
wkhq eh dssolhg wr wkh vhw
q
 i 5 aO = r  { a"  i
r
wr ghprqvwudwh wkdw a? uhvwulfwhg wr
wkdw vhw fdq eh uhsuhvhqwhg e| d ixqfwlrq zkrvh udqjh lv d vxevhw ri ^3> 4@7,1




zkhuh LL lv wkh frxqwdeoh





































iru doo l @ 4> 5> = = = > dqg IL = aO $ ^6@7> 4` wkdw



















wf =@ v/ ghqh  + i, e|

























IL + i, @
;AAAA?AAAA=
6@7 li r  { a?  i
6@7 .  + i, @; li  i 5 L

















IL2 + i, @
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li dqg rqo| li LL

 LL 1 Fohduo|/ L lv d sduwldo rughu1 Wkxv/ e| wkh Kdxvgru Pd{lpdo
Sulqflsoh +vhh Ur|ghq +4<;;/ s158,,/ wkhuh h{lvwv d pd{lpdo olqhduo| rughuhg +zlwk uhvshfw
wr L , vhw X
W  X 1 Ohw LL
W
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Pd| dovr eh Suredelolvwlfdoo| Vrsklvwlfdwhg1 Hfrqrphwulfd 96= 48<0;<1
Nduql/ H1 4<;81 Ghflvlrq Pdnlqj xqghu Xqfhuwdlqw|= Wkh Fdvh ri Vwdwh0Ghshqghqw
Suhihuhqfhv1 Fdpeulgjh/ PD= Kduydug Xqlyhuvlw| Suhvv1
Nduql/ H1 4<<91 Suredelolwlhv dqg Eholhiv1 Mrxuqdo ri Ulvn dqg Xqfhuwdlqw| 46= 57<0951
Nduql/ H1 dqg S1 Prqjlq1 53331 Rq wkh Ghwhuplqdwlrq ri Vxemhfwlyh Suredelolw| e|
Fkrlfhv1 Pdqdjhphqw Vflhqfh 79= 566057;1
Nduql/ H1/ dqg G1 Vfkphlgohu1 4<;41 Dq H{shfwhg Xwlolw| Wkhru| iru Vwdwh0Ghshqghqw
Suhihuhqfhv1 Zrunlqj Sdshu 7;0;3/ Irhughu Lqvwlwxwh iru Hfrqrplf Uhvhdufk/ Who0Dyly
Xqlyhuvlw|1
Nduql/ H1/ G1 Vfkphlgohu dqg N1 Ylqg1 4<;61 Rq Vwdwh Ghshqghqw Suhihuhqfh dqg
Vxemhfwlyh Suredelolwlhv1 Hfrqrphwulfd/ 84= 43540651
Pdfklqd/ P1 4<;<1 G|qdplf Frqvlvwhqf| dqg Qrq0H{shfwhg Xwlolw| Prghov ri Fkrlfh
xqghu Xqfhuwdlqw|1 Mrxuqdo ri Hfrqrplf Olwhudwxuh 5:= 495509;1
Pdfklqd/ P1 dqg G1 Vfkphlgohu1 4<<51 D Pruh Urexvw Ghqlwlrq ri Vxemhfwlyh Sure0
delolw|/ Hfrqrphwulfd 93= :780;31
Pdfklqd/ P1 dqg G1 Vfkphlgohu1 4<<81 Ed|hv zlwkrxw Ehuqrxool= Plqlpdo Frqglwlrqv
iru Suredelolvwlfdoo| Vrsklvwlfdwhg Fkrlfh1 Mrxuqdo ri Hfrqrplf Wkhru| 9:= 43905;1
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Pdv0Frohoo/ D1/ P1 Zklqvwrq dqg M1 Juhhq1 4<<81 Plfurhfrqrplf Wkhru|1 R{irug/ R{0
irug Xqlyhuvlw| Suhvv1
Ur|ghq/ K1O1 4<;;1 Uhdo Dqdo|vlv +Wklug Hglwlrq,1 Qhz \run= Pdfploodq1
Vdydjh/ O1M1 4<871 Wkh Irxqgdwlrqv ri Vwdwlvwlfv1 Qhz \run= Gryhu Sxeolfdwlrqv> vhfrqg
uhylvhg hglwlrq 4<:51
Vdulq/ U1 dqg S1 Zdnnhu1 4<<51 D Vlpsoh D{lrpdwl}dwlrq ri Qrqdgglwlyh H{shfwhg
Xwlolw|1 Hfrqrphwulfd 93= 45880:51
Vfkhuylvk/ P1M1/ W1 Vhlghqihog dqg M1E1 Ndgdqh1 4<<31 Vwdwh0Ghshqghqw Xwlolwlhv1
Mrxuqdo ri wkh Dphulfdq Pdwkhpdwlfdo Dvvrfldwlrq ;8= ;730:1
Vhjdo/ X1 4<;:1 Hoovehuj Sdudgr{ dqg Ulvn Dyhuvlrq/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz
5;/ 4:805341
Vhjdo/ X1 4<<31 Wzr0Vwdjh Orwwhulhv zlwkrxw wkh Uhgxfwlrq D{lrp/ Hfrqrphwulfd
8;/ 67<06::1
Vfkphlgohu/ G1 4<;<1 Vxemhfwlyh Suredelolw| dqg H{shfwhg Xwlolw| zlwkrxw Dgglwlylw|1
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